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Abstract 

A construction of relativistic wave equations on the homogeneous spaces of the 
Poincare group is given for arbitrary spin chains. Parametrizations of the field functions 
and harmonic analysis on the homogeneous spaces are studied. It is shown that a 
direct product of Minkowski spacetime and two-dimensional complex sphere is the most 
suitable homogeneous space for the physical applications. The Lagrangian formalism 
and field equations on the Poincare and Lorentz groups are considered. A boundary 
value problem for the relativistically invariant system is dehned. General solutions of 
this problem are expressed via an expansion in hyperspherical functions defined on the 
complex two-sphere. 
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1 Introduction 

The theory of relativistic wave equations (RWE) is one of the oldest topics in theoretical 
physics. As usual, the theory of RWE closely relates with higher spin formalisms. However, 
at present there is no a fully adequate formalism for description of higher-spin fields (all 
widely accepted higher-spin formalisms such as Rarita-Schwinger approach [27], Bargmann- 
Wigner [5] and Gel’fand-Yaglom [T3| multispinor theories, and also Joos-Weinberg 2(2j-|-l)- 
component formalism [191 EH] have many intrinsic contradictions and difficulties). On the 
other hand, it is known that the study of RWE leads naturally to the helds which depend 
on both Minkowski space coordinates and some continuous variables corresponding to spin 
degrees of freedom [T5l[5l|10l[30| . Wave functions of this type can be treated as the helds on 
homogeneous spaces of the Poincare group. These helds was hrst studied by Finkelstein [T2] . 
he gave a classihcation and explicit constructions of homogeneous spaces of the Poincare 
group. The general form of these helds closely relates with the structure of the Lorentz 
and Poincare group representations [HI |2H |8l [16] and admits the following factorization 
f{x,z) = (jN{z)'ifn{.x), where x G T4 and 0"'(z) form a basis in the representation space of 
the Lorentz group, T4 is the group of four-dimensional translations. In addition to a general 
theory of relativistic wave equations, a search of solutions for RWE has a great importance 
(see, for example, HD- 
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In the present work we stndy solntions of RWE in terms of the fields dehned on the 
two-dimensional complex sphere. This sphere is a homogeneous space of the Lorentz group 
(in this case the held functions /(x, z) reduce to 0”(z)). In the previous work [3l], solu¬ 
tions of RWE were obtained in the form of expansions in hyperspherical functions for the 
representations of the type (/,0) © (0,/). Solutions (wavefunctions on the group manifold 
A4io) of the simplest RWE (Dirac (1/2, 0) © (0,1/2) and Maxwell (1, 0) © (0,1) helds) have 
been given in [35l [36]- In this work we study more general representations © {h,h) 

(tensor representations of the proper orthocronous Lorentz group 0+) which correspond to 
arbitrary spin chains. In turn, arbitrary spin chains contain interlocking representations of 
the group 0+ as a particular case. It is known that the higher spin helds and correspondingly 
composite elementary particles can be formulated in terms of interlocking representations 
of 0+ (Bhabha-Gel’fand-Yaglom chains). The stable composite particle corresponds to an 
indecomposable equation dehned within interlocking representation, and vice versa, unstable 
particles are described by decomposable equations. 

The present paper is organized as follows. In the section 2 we consider some basic facts 
concerning the group SL{2,C). The main object of this section is a local isomorphism 
SL{2,C) ~ SU{2) © SU{2). We introduce here hyperspherical functions for the tensor 
representations and further we study recurrence relations between these functions. It is 
shown that matrix elements of the representations {h,h) © {h,h) are expressed via the 
hyperspherical functions. In the section 3 we give a brief introduction to the helds on 
the Poincare group V. We consider helds on the group manifold Alio and on the eight¬ 
dimensional homogeneous space Aig = x of V, where is the Minkowski spacetime 
and is the two-dimensional complex sphere. In parallel, we consider basic facts concerning 
harmonic analysis on the homogeneous spaces Alio, Als, and also on the group SL{2, C) and 
on the sphere S^. The following logical step consists in dehnition of the Lagrangian formalism 
and held equations on the homogeneous spaces of V. The held equations for arbitrary spin 
are derived in the section 4 by the standard variation procedure from a selected Lagrangian. 
The explicit construction of RWE for the arbitrary spin chains of 0+ is given in the section 5. 
In the section 6 we separate variables in a relativistically invariant system via the recurrence 
relations between hyperspherical functions. First of all, we set up a boundary value problem 
for RWE, which can be treated as a Dirichlet problem for a complex ball. It is shown 
that solutions of this problem are expressed via Fourier type series on the two-dimensional 
complex sphere. 

2 The group *5'L(2, C) 

As is known, the group SL{2, C) is an universal covering of the proper orthochronous Lorentz 
group 0+. The group SL{2,C) of all complex matrices 



of 2-nd order with the determinant a5—'yj3 = 1, is a complexification of the group SU (2). The 
group SU{2) is one of the real forms of S'L(2,C). The transition from SU{2) to SL{2,C) 
is realized via the complexihcation of three real parameters </9, 6, 'ip (Euler angles). Let 


2 


6'^ = 6 — ir, = (f — ie, i/j'^ = 'i/j — is be complex Euler angles, where 


0 < Re = 6^ < TT, 

0 < Re = (p < 27r, 

-27r < Re'0‘^ = '0 < 27r, 


—oo < Im 6'^ = r < +cxo, 

—cx) < Im(p'^ = e < + 00 , 

—oo < = e < +CX 0 . 


(1) 


The group SL{2,C) has six one-parameter subgroups 


ai(t) = *sm* 

\t sm I cos I 

, ,,\ f cosh I sinh | 
'''(*> =bmh I cosh I 


t+\ I CO® I “ 

“^W=hm| cosij- 

7 I cosh I i sinh | 

''^W=l-ismh > cosh I 



The tangent matrices Ai and Rj of these subgroups are dehned as follows 

daiit) 


= 


An — 


An — 


Bi = 


Bn = 


Bn = 


dt 

da2{t) 


dt 

da^{t) 


dt 

dbi{t) 


dt 

db2(t) 


dt 

db^{t) 


dt 


t=o 


t=o 


t=o 


t=o 


t=o 


t=o 


1 

2 
1 
2 

1 

2 
1 
2 

1 

2 
1 
2 


0 1 

1 0 

0 -1 

1 0 

1 0 

0 -1 

0 1 

1 0 

0 1 

-1 0 

1 0 

0 -1 


The elements Aj and B* form a basis of Lie algebra s[(2, C) and satisfy the relations 


[Ai, A2] 

— A3, 

[A2, A3] 

— Ai, 

[As) Ai] 

— A2, 

[Bi.BjI 

= -A3, 

[B2, B3] 

= -Ai, 

[Bs.B,] 

= —A2 

[Ai.Bi] 

= 0, 

[A2, B2] 

= 0, 

[As, Bs] 

= 0, 

[Ai, B2] 

= B 3 , 

[Ai, B3] 

= -B2, 



[A2, B3] 

= Bi, 

[A2, Bi] 

= -B 3 , 



[Aa.B,] 

= B2, 

[A3, B2] 

= -Bi. 




( 2 ) 


Let us consider the operators 

(/ = 1,2,3). 

Using the relations ([2]), we hnd that 

[Xfc, X/] = iski m X™, [Y;,Y m] 71'! [X^Y 

m] 0 * 


( 3 ) 


( 4 ) 
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Further, introducing generators of the form 


X+ = Xi+zX2, X_=Xi-zX2, 1 

Y+=Yi+*Y2, Y_=Yi-*Y2, J ^ ^ 

we see that in virtue of commutativity of the relations (jl]) a space of an irreducible hnite- 
dimensional representation of the group SL{2, C) can be spanned on the totality of (2/ + 
1 )( 2 / + 1 ) basis vectors | l,m]l,rh), where are integer or half-integer numbers, 

—l<m<l,—l<rh<l. Therefore, 


x_ 

M, 

m: 

■J, 

m) = 

b7+ 

m){l — 

m 

+ 

1 ) 

1, m 

— 

1 , 

1, rh) 

(m 

> 

-0, 

X+ 

M, 

m: 

■J, 

m) = 


m)(l + 

m 

+ 

1 ) 

1, m 

+ 

1 ; 

1, rh) 

(m 

< 

0 , 

X3 

Mb 

m; 

i, 

m) = ‘ 

m\l,m] 1, rh), 











Y_ 

M, 

m: 

■j, 

m) = 

V(^' + 

m){l — 

rh 

+ 

1 ) 

1, rri] 


rh 

-1) 

(m 

> 

-0, 

Y+ 

M, 

m: 

■j, 

m) = 


rh) {i + 

rh 

+ 

1 ) 

1, rri] 


rh 

+ 1) 

(rh 

< 

0 , 

Ys 

Mb 

m; 


m) = ‘ 

rh \ l,m] 1, rh). 












From the relations (jl|) it follows that each of the sets of inhnitesimal operators X and Y 
generates the group SU ( 2 ) and these two groups commute with each other. Thus, from the 
relations (jl]) and ([H]) it follows that the group SL{2, C), in essence, is equivalent locally to the 
group SU{2) (g) SU{2). It should be noted here that the representation basis, dehned by the 
formulae ([3])-([6]), has an evident physical meaning. For example, in the case of (1, 0) © (0,1)- 
representation space there is an analogy with the photon spin states. Namely, the operators 
X and Y correspond to the right and left polarization states of the photon. For that reason 
we will call the canonical basis consisting of the vectors | /m; Im) as a helicity basis. 

In the work [3l] we studied RWE for the helds (/, 0) © (0, 1) which described within the 
representation ti^q(BTq i of the group 0+. In this work we study more general representations 
of the type ^ (tensor representations), where i = ti^ ® Tq i and q © to,z. 

It is obvious that these representations include © Tq i as a particular case. In general, a 
tensor structure of the inhnitesimal operators has the form 

Af = 

Bf = B( © 12^+, - l 2 i+i © 

Af = A'© l 2 m - l 2 ,+i © A(, 

Bf = B(©l 2 m-W®B(, (7) 

where A\, B\ and A\, B( are inhnitesimal operators of the representations ti^ and Tq/, 
respectively {i = 1,2,3). Or, more explicitly, 

z • z 

A“ I /, m; /, m) = | /, m - 1; /, rh) - -cx^^n+i + m) + 

+ 2 “^ I /, m; /, m - 1) + | /, m; /, rh + 1), (8) 
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I l,m;i,7h) = \ /,m+ l;/,m)- 

1 • • 1 • 

- 2 “^ I /, m; /, m - 1) + | /, m; /, rh + 1), (9) 

Ag I 1,171] I, m) = —im \ Z, m; Z, m) + Zrh | Z, m; Z, rh), (10) 

B“ I Z, m; Z, m) = M, - 1; L m) - | Z, m + 1; Z, m)- 

1 . . . 

- 2 “^ I l,rn-,l,7h-l) - -OL^^+i I Z,m;Z,m + 1), (11) 

B“ I Z, m; Z, rh) = | Z, rrr - 1; Z, rh) + -a^+i | Z, m + 1; Z, rh)- 

z * z * 

- 2 ^^^ I Z,m;Z,rh - 1) + | Z,r7r;Z,rh + 1), (12) 

Bg I Z, rrr; Z, rh) = —m | Z, rrr; Z, rh) — rh | Z, m; Z, rh), (13) 

a)* I Z, rrr; Z, rh) = | Z, m; Z, rh — 1) — | Z, m; Z, rh + 1) + 

z • z 

+ 2 *^™ I Z, rrr - 1; Z, rh) + -a^+i | Z, m + 1; Z, rh), (14) 

~ ■ • 1 ■ • 1 ■ 

A' 2 ' I Z,m;Z,rh) = -o:)^ | Z, m; Z, rh - 1) - -a^+i | Z,m;Z,rh + 1) + 

+ \olL \l,rn-l] Z, rh) + | Z, rrr + 1; Z, rh), (15) 

Ag I l,m]l,m) = —im \ l,m]l,rh) + rrrr | Z, rrr; Z, rh), (16) 

B“ I Z, rrr; Z, rh) = | Z, rrr; Z, rh - 1) + | Z, rrr; Z, rh + 1) + 

+ I Z, rrr - 1; Z, rh) + | Z, rrr + 1; Z, rh), (17) 

B“ I Z, rrr; Z, rh) = | Z, rrr; Z, rh - 1) - -a^+i | Z, rrr; Z, rh + 1) + 

z • z 

+ 2 *^^ I z, rrr - 1; Z, rh) - -Q:l„+i | Z, rrr + 1; Z, rh), (18) 

Bg I Z, rrr; Z, rh) = rh | Z, rrr; Z, rh) + rrr | Z, rrr; Z, rh). (19) 

Further, let us define generators X*i, X^l, Y((, Vf and X(i, X*_[, Y*i, Y(i following the rule ([5]). 
It is easy to verify that these generators satisfy the relations of the type (E]). 
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On the group SL{2, C) there exist the following Laplace-Beltrami operators: 


X2 = X? + X2 + X2 = i(A2-B2 + 2iAB), 

= Y^ + Y^ + Y^ = i(A2 - §2-2iAB). (20) 

At this point, we see that operators fl20l) contain the well known Casimir operators A^ — B^, 
AB of the Lorentz group. Using expressions ([1]), we obtain an Euler parametrization of the 
Laplace-Beltrami operators, 


X 2 

Y 2 


9^ .nc 9 
-\- cot 9 -|- 


89^^ 


+ cot 9' 


d9<^ 

89^ 


8‘^ 


+ 


sin^ 6 *^ \_8if 

8‘^ 


^c2 


Sin 


9c \_8ip 


c2 


2 cos 9’^ 


2 cos 9' 


8 8 

8(p'^ 8'ijj^ 
8 8 


+ 


+ 


8ip^ 8ip^ 8'ip 


8^ 

8ii)C‘^ 
q2 n 

c2 


( 21 ) 


Matrix elements t^Jnn-mnid) = of irreducible representations of S'L(2,C) 

are eigenfunctions of the operators fl2l|) . 




+ l{l + 1 ) 


m 


ll 

mn\7hh 


(<p‘,r,r) = 0 , 


( 22 ) 


where 


. . ('a') = e 




dl 

'mn;mn 




(23) 


Substituting the functions fl23l) into fl22|) and taking into account the operators and 
substitutions z = cos 6*'^, z = cos 9'^, we come to the following differential equations (a 
complex analog of the Legendre equations): 




d 


(1 - P) 2 :_ - 2 j 4 - 




2mnz 


dz"^ 

d^ 


1 — z'^ 

+ h 


2 i ^2 _ 2rhhz 


dz^ 


dz 


+ 1(1 + 1) 

+ i(i + 1) 


3L;mn(^,5) = 0, (24) 

3L;mn(^i^) = 0. (25) 


The latter equations have three singular points —1, -1-1, oo. Solutions of fl241) - fl2^ have the 
form 


3LOT*(cos9',cosr) 


^ 11L(cos9')zL 


(cos 9^), 


(26) 
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where 


i 

zl^^icosO^) = Y, Vr(/-m + I)r(/ + m + I)r(/ -k + I)r(/ + k + i)x 

k=-l 

21^ . m-k ^ 

COS - tan - X 
2 2 

Q 

r(i + i)r(i-m-i + i)r(i + A.-i + i)r(m-fc + i + i)^ 

Vr(/ - n + l)r(/ + n + l)r(/ -k + l)r(/ + k + l) cosh^' ^ tanh’^-'^ ^ X 

rain[l-n,l+k) tanh^® — 

_ 2 __ /27') 

2--' r(s + i)r(/ — n — s + l)r(Z + k — s + l)r(n — + s + l) 

s=max(0,A:—n) \ / 


and is a complex conjngate fnnction with respect to We will call the fnnctions 

3mn mn ll26|) as teusor hyperspherical functions. 

Using the formnla fl26l) . we find explicit expressions for the matrices Ty{6, r) of the finite¬ 
dimensional representations rii and Tii: 

2 2 ^2 





1 

* 2 




^ Z_ii Zii j 
\ 2 2 2 2 / 


1 1 

3 r 


A 


3!" 

li 

3 2 2 
1 1 


2 2 




*2 2 2 

1 -J 1 1 1 1 

3? 

2 

1 

2 

2 2 ’ 2 2 

2 

2 ’ 

^ii-i 

71 

^-10 

^iiA 


^0-1 

71 

^00 

^o'l 


^I'-i 

71 

^10 




/ * 2 


.22 

Ui-ii / 

2 2 ’ 2 2 ' 

* I \ 


\ Z_ii Zii / 
\ 2 2 2 2 / 


/i ^ 2 

,1 ’ 2 2 

■ 2^2 

^ 0 — 1 - —- —- 
yj ±, n n 

li 

■ 2^2 

^ 0 - 1 —ii 
” 2 2 


2^2 

li ^ 
■ 2^2 


3^2 

J_l_l-1 _i 
/l 2 2 

• 2^2 

J-l-l-i 1 

-L ±, n n 

li 

3o!i.i_i 

li 

2^2 

^ 0 - 1 'ii 
^’2 2 

.1 


2 2 


3 2 

1 2 2 
3 U 
■^ 1 - 1 ; 


1 1 
2 2 


3^2 

J_10-i-i 

-LU, Q n 

li 

3^2 

J_10-ii 

J-U, n p 

li 

3oo.-i-i 

uu,^ 2 2 

3^2 

■^00;-ii 

li 

3^2 

^10- —i-i 

-LW, n p 

li 

3^2 

^lO-ii 

J-U, n n 


3^2 

J_ 10 'i —i 
li 

3^2 

J_io-ii 

-LW, ry p 

li 

3oo.i-i 
uu ,^2 2 

' 2^2 

00 ; U 

li 

3^2 

'ilO-i-i 

J-U, p p 

li 

3^2 

^lO'ii 
2 2 


3^2 

^ — 11 ' —i —i 

/l 2 2 

3^2 

3oAi_i 

UX, p p 

li 

3^2 

Jq!' —ii 

UX, p p 

li 

3^2 

t5ii._i_i 
li 2 2 

3^2 

Jii—ii 
’ 22 


3 U 

5-n;i-i 

3^2 

Ali-i 

ux, p p 

li 

3^2 

^Ol'ii 

UX, p p 

li 

3^2 

^ii-i-i 

ll2 2 

3^2 

^ll-ii 

’ 2 2 


\ 


(28) 


( 29 ) 
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2.1 Recurrence relations between the functions 3!!., cos^*^) 

Between the hyperspherical functions ‘b^mn-mh there exists a wide variety of recurrence rela¬ 
tions. The part of them relates the hyperspherical functions of one and the same order (with 
identical I and 1), other part relates the functions of different orders. 

In virtue of the representation ([6]), the recurrence formulae for the hyperspherical func¬ 
tions of one and the same order follow from the equalities 


^ myii 

/li cnyli 


yll 

m. 

yli 


(30) 

^n+l^^rnn-,rhh+l- (31) 

As it is shown in [3l], the generators ([5]) can be expressed via the complex Euler angles as 


<T)?“ = rv ■ W" 

' ^77T.n;mn—1 ? 


vim 


= fy ,1 DJI" 

mn-,mh m,n+l;mhy 


U 

mnimn 


+ 


X 

x_ 

Y+ 

Y_ 


g-ip- 

'. d 

' 

1 

d 

2 

sin 9^^ dip 

gip- 

d 

1 

d 

2 

sin 9^ dip 

g-ib" 

'. d 

‘ 

1 

d 

2 

sin 9^^ dip 

gib" 

d 

1 -k 

1 

d 


cot 9'^-^ ■ ocf) 

O'lp OT sm 6*^ oe 


^ d ■ ^nc ^ 
+ I cot 9 — 
oe 


cot 9^ 


d d id d 

H-- «cot 9""— 

de 


dip 


dr sin 6*^ de 
i d 


■f. d d 

cot 9 — -I- ——h . 

dip dr sm 9<^ de 


i cot 9^-^ 
de 


2 L sin 9^ dip 


— cot 9"^ 


A A _ 

dip dr 


i d ■ ^nc 9 
—+ ^cot 0 — 
sm 9^ de de 


(32) 

(33) 

(34) 

(35) 


Substituting the function ^mn-,rhh = e ™ 

relations fl5U]) and taking into account the operators fl5^ and ([3SD, we hnd that 


93^^ ■ ■ 93 


ll 

mn-yThh 


2i{m — ncos 9^ 


d9 dr Sin^'^ 

■ ^"^mn-.rnh ^"^mn:rhh 2i(jn Tl COS 9 '' 


_ o„. iii 


= 2ry V- 

‘^'-^n-Um,n—l;rhhi 


d9 


ill 

'mn;7hh 

dr 


+ 


sin 9^ 


,11 

^mn;mh 




^+l-^m,n+l;rhn* 


Since the functions 3mn-mh symmetric, that is, 3mn;mn = 3nm;nm7 then substituting 
3nm-fim instead of 3mn-rhh replacing m by n, and n by m, we obtain 


_ d^mn-,rah _ 2z (u - 771 COS g^) 

d9 dr sin 9^ ™ 

9yjnn-,mn d‘5mn-,rah 2i{n - 171 COS 9^) 

^ d9 dr ^ sui9^ 


2Q!m3 


li 

m—l,n;rhn’ 


2 ^^m+l 


li 


Analogously, from the relations (j^ and generators (jM|) - (j35l) , we have 


(36) 

(37) 


mn\rnh , ^‘^mn\mh , 2i(il 171 COS 9 ^ ^li _ ^ 

I 7771 T 71 T ^ I Jmn;mn ^^rhJ 


^ d9 ' dr sin 9^ 

.^3“„;mn , 2i{h-mcos9^) 


ll 

mn;m—l,n5 


d9 


+ 


dr 


sin 9'^ 


"2.9 — 2a/ ■ 


(38) 

(39) 








































Further, for the conjugate representations we have 


Xlimyll — frnll 

^m,n—l;rhn’ 


yli nryll _ nyyll 

—''mn;rhn l;mn) 


where X'i ~ Y'i, X“ ~ Y“, Y“ ~ X‘i, Y“ ~ 

* . 

^-m(e—i(p)—n(e—i7p) •ill (B ^\p—m{e-\-i‘^)-h{e+i'tlj) 



li 

mn]mh 


* 


= OLn+l^ 


ll 



li 

mn]mh 


= On+liH 


li 


(40) 

(41) 


X*^. Substituting now the function — 

into the relations fH0D - (HTD . we obtain 


* . 
ill 


■ ^‘^mn\mh ^3mn;mn ‘2i{TL Tfl COS 0 ^ ^li ^ 


de 


dr 


sin 9^ 


dyjnn^mh , dSjnn^mh 2z(n - m COS 0'=) * 


de 


+ 


dr 


sin 9'^ 


■21.1 — 0 -ill 


(42) 

(43) 


* . * . 

. 93^Jnn-,rhh _ _ 2i(h - m COS 6>^) * 

d9 dr sin 9^^ ™ 

yyjnn^rhh dyjnn-^rhh 2i{h - 7Tl COS 9‘^) *^1 

^ d9 dr sin 9^ 


* 

2f^m3 


li 

mn;m—l,fi 
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li 

mn;m+l,n‘ 


(44) 

(45) 


3 Fields on the Poincare group 

Fields on the Poincare group present itself a natural generalization of the concept of wave 
function. These helds (generalized wave functions) were introduced independently by several 
authors [T^ISl ITOllSO] mainly in connection with constructing relativistic wave equations. The 
following logical step was done by Finkelstein [12], he suggested to consider the wave function 
depending both the coordinates on the Minkowski spacetime and some continuous variables 
corresponding to spin degrees of freedom (internal space). In essence, this generalization 
consists in replacing the Minkowski space by a larger space on which the Poincare group 
acts. If this action is to be transitive, one is lead to consider the homogeneous spaces of 
the Poincare group. All the homogeneous spaces of this type were listed by Finkelstein [12] 
and by Bacry and Kihlberg |2] and the helds on these spaces were considered in the works 

[231131 EH Enisaiasmsi. 

A homogeneous space AI of a group G has the following properties: 

a) It is a topological space on which the group G acts continuously, that is, let y be a point 
in Af, then gy is dehned and is again a point in Af {g E G). 

b) This action is transitive, that is, for any two points yi and y 2 in M. it is always possible 
to hnd a group element g E G such that y2 = gyi- 

There is a one-to-one correspondence between the homogeneous spaces of G and the coset 
spaces of G. Let Hq be a maximal subgroup of G which leaves the point j/o invariant, gyo = yo, 
g E Ho, then Hq is called the stabilizer of yo- Representing now any group element of G in 
the form g = gcgo, where go E Ho and gc E G/Hq, we see that, by virtie of the transitivity 
property, any point y E M. can be given hj y = gcgoyo = gdl- Hence it follows that the 
elements gc of the coset space give a parametrization of AI. The mapping A1 •«-»• G/Ho is 
continuous since the group multiplication is continuous and the action on A1 is continuous 
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by definition. The stabilizers H and Hq of two different points y and are conjngate, since 
from = fi'o, Vo = g~^y, it follows that gHog-^y = y, that is, H = gHog-'^. 

Coming back to the Poincare group V, we see that the enumeration of the different 
homogeneous spaces M of V amounts to an enumeration of the subgroups of P up to a 
conjugation. Following to Finkelstein, we require that Af always contains the Minkowski 
space which means that four parameters of A4 can be denoted by x {x^). This means 
that the stabilizer if of a given point in Ai can never contain an element of the translation 
subgroup of V. Thus, the stabilizer must be a subgroup of the proper Lorentz group 0+. 

In such a way, studying different subgroups of 0+, we obtain a full list of homogeneous 
spaces Ai = V/H of the Poincare group. In the present paper we restrict ourselves by a 
consideration of the following two homogeneous spaces: 


Alio — X /Cg, H — 0; 

Ais = H = 


Hence it follows that a group manifold of the Poincare group. Alio = x £e, is a maximal 
homogeneous space of V, Ilg is a group manifold of the Lorentz group. The fields on the 
manifold Aiio were considered by Lurgat [23]. These fields depend on all the ten parameters 
of V: 


il){x, g) = 'ip{x)'ip{g) = ^ipixo, xi, X 2 , a;3)V’(0i, 02,03,04,05,06), 


where an explicit form of 'ipix) is given by the exponentials, and the functions '0(0) are 
expressed via the generalized hyperspherical functions ^^e case of finite di¬ 

mensional representations. 

The following eight-dimensional homogeneous space Ais = x is a direct product 
of the Minkowski space and the complex two-sphere In this case the stabilizer H 


consists of the subgroup of the diagonal matrices 



0 
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[2] claimed that the space Als is the most suitable for a description of both half-integer and 
integer spins. The fields, defined in Afs, depend on the eight parameters of V: 


'0(a;, 6''") = '0(x)0(</90 0^) = 0(a;o, xi,X2, X3)'ijj{ip, e, 9, r), (46) 

where the functions are expressed via the associated hyperspherical functions de¬ 

fined on the surface of the complex two-sphere 


3.1 Harmonic analysis on SU{2) 0 SU{2) 0 

In this subsection we will consider Fourier series on the Poincare group V. First of all, the 
group V has the same number of connected components as with the Lorentz group. Later 
on we will consider only the component V\. corresponding the connected component L\_ (so 

called special Lorentz group, see |2H])- As is known, an universal covering V]_ of the group 

V\. is defined by a semidirect product = S'L(2,C) 0 T4 ~ Spin_,_(l,3) 0 T4, where T4 
is a subgroup of four-dimensional translations. Since the Poincare group is a 10-parameter 
group, then an invariant measure on this group has a form 

d^^a. = d^gd'^x, 
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where d^Q is the Haar measure on the Lorentz group. Or, taking into account 0511) . we obtain 


dot = sm9‘^ sm9‘^d9dipd'ipdTdededxidx2dx3dx4, 


(47) 


where Xi ^ T 4 . 

Thus, an invariant integration on the group SL{2, C) 0 T 4 is defined by the formula 

J f{ot)d^°a= j J f{x,Q)d‘^xd^Q, 

SL{2,C)QT4 SL{2,C) Ti 

where f{o) is a finite continuous function on SL{2, C) 0 T 4 . 

In the case of finite-dimensional representations we come again to a local isomorphism 
SL{2,C) 0 T 4 ~ SU{2) 0 SU{2) 0 T 4 . In this case basis representation functions of the 
Poincare group are defined by symmetric polynomials of the form 

p{x,z,z)= (48) 

(ai,...,Ofe) 

{ai,ai = 0,1) 

where the coefficients depend on the variables x“ {a = 0,1, 2, 3) (the parameters 

of T 4 ). The functions (H 8 |) should be considered as the functions on the Poincare group. 
Some applications of these functions contained in [T6l|37j. The group T 4 is an Abelian group 
formed by a direct product of the four one-dimensional translation groups, Ti, where Ti is 
isomorphic to an additive group of real numbers M (usual Fourier analysis is formulated in 
terms of the group M). Hence it follows that all irreducible representations of T 4 are one¬ 
dimensional and expressed via the exponentials. Thus, the basis functions (matrix elements) 
of the finite-dimensional representations of V have the form 

(49) 

where x = (xi, X 2 , X 3 , X 4 ), and ^mn-mh^Q) the generalized hyperspherical function ([23]). 

Let us consider now the configuration space Adg = x In this case the Fourier 
series on Afg can be defined as follows 

+ 00 CO / I 

/(„)= ^ E «E»ir(7>.e.9.^.0,0), (50) 

p=—oo 1=0 m=—l ^—_i 


where 


a 


li 

mm 


(-i)"^( 2 / + i)( 2 / + i) r r 

327 r 4 j J 

S 2 Ti 


/(«)e" 


^P^mft^{p,e,9,T,0,0)d^xd^g, 


and d'^Q = sin 9^ sin d'^dddtpdrde is the Haar measure on f{a) is the square integrable 
function on Afg, such that 



\f{a)fd‘^xd‘^g < -|-cx). 


S 2 Ti 
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3.2 Harmonic analysis on the group 5'L(2,C) 

First of all, on the group SL{2, C) there exists an invariant measure dg, that is, such a 
measure that for any finite continuous function f{g) on SL{2, C) the following equality 


fiQ)dg = / figod)dg = / figgo)dg 


fid ^)dg 


holds. Now we express the Haar measure (left or right) in terms of the parameters ffTl) . 


dg = sin 6^ sin d^dOdifd'iljdTdede. 


(51) 


Thus, an invariant integration on the group SL{2, C) is defined by the formula 


j fi9)dg 

SL(2,C) 


H-oo +00 H-oo 27r 27r tt 

f{9, ip, t, e, e) sin 9^ sin 9^d9d(pd'iljdTdede. 

—oo —oo —oo —27r 0 0 



When we consider finite-dimensional (spinor) representations of SL{2, C), we come naturally 
to a local isomorphism SU{2)^SU{2) ~ SL{2, C) considered by many authors [TS112H]- Since 
a dimension of the spinor representation of SU{2) (g) SU{2) is equal to {21 + 1)(2/ -|- 1), 

then the functions \J{21 + 1)(2/ -|- form a full orthogonal normalized system on 

this group with respect to the invariant measure dg. At this point, the indices I and I 
run all possible integer or half-integer non-negative values, and the indices m, n and rh, 
h run the values —I, + — and —I, + — In virtue of fl23l) the 

matrix elements expressed via the generalized hyperspherical function = 

Therefore, 

_;_ 327r^ 

9^L;mn(0)31fL;mn(0)c^0 = (2/ + 1) (2/ + 1) 

SU{2)®SU{2) 


where 5(g' — g) is a ^-function on the group SU{2) 0 SU{2). An explicit form of ^-function 
is 


5(0' — g) = 6{(f' — (p)S{e' — e)6{cos 9' cosh, t' — cos 0 cosh r)x 

X (5(sin 6*'sinh r' — sin0sinhr)5('^' — 'ip)5{e' — e). 


Substituting into fl5^ the expression 

myli _ -m{e+i<p)-n{e+itp)-2li (n \ 

and taking into account fl5T|) . we obtain 


r)ypi.pg{0, x 


SU{2)iS>SU(2) 

X gin r sin 9'^d9d^di}dTdede 


327r 5ig5j^^6jjip6nqdfapdnqd{g 

{21 -\- 1) ( 2 / -|- 1) 


0 ) 
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Thus, any square integrable function 0^, on the group SU (2) ® SU{2), such that 


J sinO^^ smO^^dOdifdipdTdede < +cx), 

SU{2)(^SU{2) 

is expanded into a convergent (on an average) Fourier series on SU{2) ® SU{2), 


OO I I I I 


^mn;7hn ^ 


= E E E E 

lj=0 m=-l n=-l m=-i n=-i 


where 

„■ (-ir-’‘(2i+i)(2<+i) 

327r'^ ^ 

/(v?", r , ^/;")e'(’"‘"°+"’^')3L;rhn(cos 0", COS Qc dOd^d^Pdrdeds. 

SU{2)(^SU{2) 

The Parseval equality for the case of SU{2) ® SU{2) is dehned as follows 



OO I I I I 

Y Y la“ ■ ■ P = 

lp=0 m=-l n=-l rh=-i h=-i 

IfY, 9^, '0'^) p sin 6*^ sin O’^dddipd'ipdrdede. 

SU{2)(S)SU{2) 

About convergence of Fourier series of the type fl53|l see [6] . 

In like manner we can dehne Fourier series on the two-dimensional complex sphere via 
the associated hyperspherical functions. An expansion of the functions on the surface of the 
two-dimensional sphere has an important meaning for the subsequent physical applications. 
So, let fY, 6^) be a function on the complex two-sphere S^, such that 

J \fY,9‘^)\‘^ sin 9^^sin O’^dOdipdrde < -|-cx), 

§2 

then /((p'^, 9'^) is expanded into a convergent Fourier series on §^, 


(21 -|- 1) ( 2 / “1“ 1) 

32^^4 



OO I I 


f(ip\e^) = E E E aS.Ae-’”<'+‘*->3f(cos»',cosr)e-*<'-‘*’>, 

lp= 0 m=-l rh=-i 


where 


a (-1)^(2/+ 1)(2/ + 1) 

32^4 


fY, r)e''"^'3;7™(cos 0", cos sin 9^ sin 9‘^d9d^dTde, 


S2 
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and {cos 9'^, cos 9'^) is an associated hyperspherical function, cIq = sin 9^ sin 9^d9dipdTde 

is the Haar measure on the sphere Correspondingly, the Parseval equality on has the 
form 


OO I I 


EE Z. 


a. 


{21 + 1 ) ( 2 / + 1 ) 


§2 


|/(v?", r) p sin 9^ sin 9^d9d^dTde. 


4 Lagrangian formalism and field equations on the 
Poincare group 

We will start with a more general homogeneous space of the group P, M.io = x fig 
(group manifold of the Poincare group). Let C{ol) be a Lagrangian on the group manifold 
M .10 (in other words, C{cx) is a 10-dimensional point function), where cx. is the parameter 
set of this group. Then an integral for C{cx) on some 10-dimensional volume of the group 
manifold we will call an action on the Poincare group-. 


A = y dctC{cx), 


where dct is a Haar measure on the group V (see (07])). 

Let 'ip{(y.) be a function on the group manifold Wlio (now it is sufficient to assume that 
'i/>(q:) is a square integrable function on the Poincare group) and let 


dC d dC 


dt/j da 

act 


= 0 


(54) 


be Euler-Lagrange equations on Afio (more precisely speaking, the equations fl5T|) act on 
the tangent bundle TMio = U of the manifold Alio, see |T]). Let us introduce a 

ctGA^io 

Lagrangian E(q:) depending on the field function 'il^{a) as follows 


da, 


where {v = 1,2,..., 10) are square matrices. The number of rows and columns in these 
matrices is equal to the number of components of 'il’{a), k is a non-null real constant. 
Further, if Bn is non-singular, then we can introduce the matrices 

= /i = l,2,...,10, 

and represent the Lagrangian C{a) in the form 


£(«) = -- ( V^(a)P 


d'il^{a) il^{a) , 


(65) 


where 


'ip{a) = 'if)*{a)Bu. 
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Varying independently 'ip{x) and we obtain from 0551) in accordance with (IM|) the 

following equations: 


r, 


r 


d'ljj^x) 

dxi 

rpd'ip^x) 
dxi 


+ K'ljj{x) 
— Ktl^^x) 


0 , 

0 . 


Analogously, varying independently 'ip{g) and one gets 


(56) 


where 


P d%lj{g) 

L k—^ - 

£gk 

" dgk 


+ 


0 , 

0 , 


= 




\m) ’ 


r, = 


0 

,Af 0 


(57) 


The doubling of representations, described by a bispinor - 0 ( 0 ) = {'ip{g),'ip{g))'^, is the well 
known feature of the Lorentz group representations [HI |2lj. Since an universal covering 
SL{2, C) of the proper orthochronous Lorentz group is a complexihcation of the group SU{2) 
(see the section ED, then it is more convenient to express six parameters 0 ^ of the Lorentz 
group via three parameters oi, 02 , 03 of the group SU{2). It is obvious that 0 i = oi, 02 = 02 , 
03 = CL 3 , 04 = icLi, 05 = m 2 , 06 = ids- Then the first equation from (j57j) can be written as 


j=i j j=i j 

+ + - 0. 


i=i 


. , da*j 

j=i j 


(58) 


where al = —ig 4 , = —* 05 , <*3 = — *06, and aj, a* are the parameters corresponding the 

dual basis. In essence, the equations fl58l) are dehned in a three-dimensional complex space 
C^. In turn, the space is isometric to a 6 -dimensional bivector space R® (a parameter 
space of the Lorentz group [201 ES])- The bivector space R® is a tangent space of the group 
manifold Sjq of the Lorentz group, that is, the manifold £6 in the each its point is equivalent 
locally to the space R®. Thus, for all 0 G £6 we have ~ R®. There exists a close 

relationship between the metrics of the Minkowski spacetime R^’^ and the metrics of R® 
dehned by the formulae (see 1251 ) 


9ab ^ — Qa-yQldS 9oi&Q0'yi (^9) 

where Qajd is a metric tensor of the spacetime R^’^, and collective indices are skewsymmetric 
pairs a[3 —^ a, 7 ^ —> b. In more detail, if 

/-I 0 0 0\ 

0-100 
9ap- g 0 0 > 

\ 0 0 0 1 / 
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then in virtue of 


for the metric tensor of we obtain 


9ab 


/-I 0 0 0 0 0\ 

0 -1 0 0 0 0 

0 0-1000 
0 0 0 1 0 0 

0 0 0 0 1 0 

\ 0 0 0 0 0 1 / 


(60) 


where the order of collective indices in is 23 —>• 0, 10 —>• 1, 20 —>• 2, 30 —> 3, 31 —>• 4, 

12 ^ 5. 

Let us write an invariance condition for the system (|58|1 . As it is shown in [20], the 
Lorentz transformations can be represented by linear transformations of the space M®. Let 
g : a' = g~^a be a transformation of the bivector space M®, that is, a' = Ylb=i9baab, where 
a = ( 01 , 02 , 03 , 0 ^, 02 , 03 ) and g^a is the metric tensor (l60|) . We can write the tensor 


in the form gab = 


9ik 


+ ), then o' = Replacing ip via 

9ik/ 


R;/ ( 0 )'*/’/ and differentiation on ak (al) by differentiation on o(, (o^') via the formulae 


dttk 


^ 


d 


d 


dd ’ dal 




we obtain 
3 


2=1 




(1 


dd, 


+ 9i2^2 




-1 


ddj 


+ feAr'‘"‘ 


'^9i3-^3 


da[ 

a(TT^(0)V^') . _,■^iTT\g)^p') . ^ 


E 


2=1 


daP dtti dtti 

. * . * . 


+ :iid{Tii\gW) ,ud{Tii\g)iP') +Ud{Tii\g)ij') 

dd dd ^ dd 




da* 


da* 


da* 


+ ATp (bW-'= 0 , 


+ kVj‘(b)V-' = 0, 


Or, 


E 




W«A?T-'(b)^ - %-2A?T--(B)gf;, - 


da*' 


da*' 


+ k‘T-'{s)i-' = 0 , 


E 






da* 


da* 


da* 


+ 't%j-'(B)V/ = 0, 
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For coincidence of the latter system with flS5]l we must multiply this system by Tii^q) (T;j(g)) 
from the left, 


EEfer,i(0)A?rTi(g) 


dijj' 

da[ 


EEftA(s)Aiy7‘(0) 


d'lp' 









0 , 

0 . 


The requirement of invariance means that for any transformation g between the matrices 
* 

(A|f) the following relations hold: 


5^fer„-(8)AA-'(8) = A", 

E9.tA(fl)Ai!r,7-(fl) = A". 


( 61 ) 


* 

where A** are the matrices of the equations in the dual representation space, is a complex 
number, d/ddi mean covariant derivatives in the dual space. 


5 The structure of the matrices Af 

* 

First of all, let us hud commutation relations between the matrices Af, Af and inhnitesimal 

operators l|8 |) - ffT^ dehned in the helicity basis. Let us represent transformations T;;(g) 
* 

(Tjj(g)) in the inhnitesimal form, 

I + Af e + • • ■, I + Bf e + • • •, 

I + Af ^ + ..., I + + .... 

It is easy to see that the bivector space R® contains two three-dimensional subspaces R^ and 
Rij_ with the metric tensors g~f^ and g^f^, respectively. Let us consider a rotation g = e-t-ai.^-|-... 
in the subspace Ri^. The matrix of this rotation can be represented in the form 

1 0 0 
0 1 -e 
0 e 1 

Substituting these transformations into invariance conditions (jbTil . we obtain with an accu¬ 
racy of the terms of second order the following three equalities: 

(i + a'A)aAi-a^o = A“, 

(l + A'A)(A''-eA'0(l-A“O = Al 
(i + A?o(eA^'+A“)(i-A?o = aI 
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Hence it follows that 


A“A“-AfA“ = 0, 
A“A“ - A“A'/- A^' = 0, 
A“A“ - AX^'+ A' 2 ' = 0, 


or 


A'/,Af 
A“,A ' 
Ai,A 

Analogously, for a rotation g = e + a 2 ^ + 


= 0 , 


- A'' 

— ^'■3; 

- -A“' 

— I\2 ■ 


with the matrix 



we have 

(l + A“0(A? + eA^')(l-A'2'0 
(1 + A '' 0 A ^'(1 - A ''0 
(l + A“0(eAl' + A'')(l-A''0 

From the latter relations we see that 

[a", A'/' 


-A'' 

^'■3) 


i\ll \L 
h\2 , ^^2 


j\ll \ll 

^2 ) ^'■3 


0 , 

Af. 


- A'' 

- A'' 

- A'' 

- ilg. 


Further, taking into account all possible transformations (rotations) in the subspaces 
and Mi, we obtain the following commutation relations: 


A'/, A'/ 

o' 

A'Uf 

- A“' 

~ ^'■31 

A'Uf 

A“,Af 

= 

■- 

<1 

< 

1_ 

= 0 , 

AS.Af’ 

n 1 

CO 

< 

1_1 

= Al 

1-1 

<1 

CO 

< 

1_1 

= -A'i 

'k 4 


Bf, A'/ 

0 "' 


= -^A“, 

B",A? 

B“,A'/ 

= ^A“, 

B“,A“' 

= 0, 

B“,A'/ 

Bf, A'/ 

= -i^2: 

BS.A"' 

= fAg, 

B“) A"' 


iA“, 

—'iAj', 
0 . 


1 _Li 

0"' 

A?, A? 

- 

— ^'■31 

CO 

<1 

A", A? 

= -A^', 

A'^A^ 

= 0, 

aS.aS 

AS. A"' 

= Al 

A“, A“' 

= -A'i 

1 - 1 

CO 

<1 

CO 

(< 


(62) 


(63) 


( 64 ) 
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(65) 


B“, Af 

o' 


= i^3, 

‘b“,a? 

B“,A'/' 

= -*Af, 

B“,A“' 

= 0, 

B^.A?’ 

B“, A“' 

= 


= —iAg, 

B“, A“' 


-sAij', 

iAf, 


0 . 


-1 

o' 

1 - 

* . 

* . 


A“,A“ 

- -A“ 

A", A" 

* . 

* . 


A“,A“ 

= A“, 

A?, A" 




* 



0 , 


A“,Af 







0 . 


( 66 ) 


Bf, Af 

= 0, 

B",A" 

= ^Af, 

Bf,A“ 

B“,A'i' 

= -ik’-l 

B“,A" 

= 0, 

B“,A“ 

B'Uf 

= ^kl 

B“,A“ 

= -^kt 

Bf,A“ 


ik^i, (67) 

0 . 


*< 

1_ 

o' 

1 _ 

* . 

- 


A", A? 

CO 

1 

< 

1 _ 

= 0, 

A“,Af 

A“,A“ 

* . 

= A“, 

CO 

< 

1 _1 

* . 

= -A1^ 

A“,Af 


( 68 ) 


-1 

= 0, 

B“,A" 

= -ik^i, 

1 - 

CO 

Bf.Af 

= ^kl 

B",A“ 

= 0, 

BiJ'.A" 

B".A" 

= -iklj, 

B",A“ 

= thi, 

B", A“ 


-ihi (69) 

0 . 


From the latter relations and definition ([3]) it immediately follows that commutation 
* . .... 

relations between Ag, Ag and generators Y((., Yg, X([, Xg are of the form 


Af, X“ 

,X“ 

= 2A“, 

1 _L 

A“, Y“ 

1 -r 

Ah, Y“ 

-< 

+ 

_ 1 1 _ 

= 2A“, 


A“, X“ 

,X“ 




AS.X? 


0 , 


A“,Y“ 


0 , 




= 0 , 


A",X" 


0 . 


(70) 


Using the relations fITOl) we will find an explicit form of the matrices Ag and Ag, and further 
we will find Ag, A 2 and Ag, A^J. 

The wave function t/? is transformed within some representation Tii{q) of the group 
We assume that T;;(g) is decomposed into irreducible representations. The components of 
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the function •0 we will numerate by the indices /, I and m, m, where I (/) is a weight of 
irreducible representation, m (m) is a number of the components in the representation of 
the weight I (Z). In the case when a representation with one and the same weight I (Z) at 
the decomposition of occurs more than one time, then with the aim to distinguish these 
representations we will add the index k {k), which indicates a number of the representations 
of the weight Z (Z). Denoting Cim-im —\ coming to the helicity basis, we obtain a 

following decomposition for the wave function: 

l/’(ai, 02, 03, ot, o;, 03) = ®2, ^ 3 , a*l, ^2) « 3 )C“;to’ 

where 01,02,03,03,02,03 are the coordinates of the complex space ~ (parameters of 
5L(2,C))0. Analogously, for the dual representation we have 

^(01,02,03,0*1,0*2,0*3) = Y “ 2 , 03 , 0 * 1 , 0 * 2 , a* 3 )CS.;^- 

l,m^k,l,m,k 


The transformation Ag in the helicity basis has the form 

^li^kk ^ ^k'k-,k’k .k'k' 

I' ,m' ^k' ,7h' ,k' 


Using the commutators fITUll . we will hnd the numbers ■ ,■ , . First of all, recalling 

that 


•yll ^kk _ I /• 

yli ^kk _ 

X U /-kk 

3S. 


I ^kk 

= mCf 


where (cc^)^ 

A //y //^kk 


X“A“C“ /. 


(Z + m)(Z — m + 1), we obtain 
mA“Cf\-. =m 


E 


k'kl'k 


^k'k' 


X" 


E . 

U ,k',i' ,7h' ,k' 


I',m',k', 7 h\k' 

k'k]k'k /-k'k' 

C • • ( . = 777 


E 


^k'k' 

\l -V ‘rh^ ' 


k'k]k'k 


I'm'k'i'm'k' 


From the second equation of flTU]) we have (A3X3 — ^3^3)C;^/^ = 0- Therefore, 

V fm - C^'^'■ =0 

I' ,m' ,k^ ^k' 

Hence it immediately follows that m' = m. By this reason we can denote the coefficients 

k'k\k'k • k'k\k'k a i i r j-i i j.* 

c,„ , .,. Via c,„ • Analogously, irom the relations 


w// ^kk _ I ^kk 

+ ^/m;/m ^+1^/772;/,rh+l ’ 


yll^kk _ 


kk 


^Recall that the wave function ^p{aj, a*) is defined on the group manifold £5, that is, ip is a function on 
the Lorentz group. 
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and equation (AfVg — Yg A3)C^^ ■. = 0 we see that the coefficients .,. can be replaced 

L t.TTl'at £»77T- 7T2- 

1 k'k\k'k 

Let us use now the hrst equation of the system (1701) : 


^kk _ /-fcfc _ 


X“A“Cf\-. = X 


— yii 


l',k',V,k' 


V,k',V,k' 

z'k' 


E k'k-,k'k ^k'k' 

l'l,m—l-,i'irh^l' ,m-l\i'rh'’ 


E k'k-,k'k ^k'k' _ ' ^ 

7/7 r^.lfl 


V yk-k'k ^k'k 

/ j ^m^/// ™./// 


V.k'.i'M 




A“,X“lcf\-. = V 

l',k',i',k' 


I k'k-,k'k _ V k'k-,k'k 

I i ,rh l,m\Vi,m 


c 


k'k' 

'V ,m—l-,Vrh' 


Further, 

^ll ^kk 

3’ — +’Zm: 


X^' 


A“, X“ 


'lm;im 


^kk 

^lm;lTh 


A'^X“j 




= a 


,/ 

m+l 


E 

V,k',i',k' 


I k'k',k'k I' k'k',k'k 

^m+l<^l'l jn;i'i,rh ~ *^™+l^Z'Z,m+l;Z'Z, 




C 


■fc'fc' 


•l' ,m-,i'rh'> 


Y E 

l',k',i',k' 


[«m' 


k'k,k'k 


I' k'k\k'k 

ckLc, 




Afc'fc' 

’Z',m—l;Z'm 




,.Z' 




I k'k-,k'k 

n c 




™A'Z,m-l;Z'Z,m 


'' k'k-,k'k 


C 


•Zc'Zc' 

'/^ -rr) • /^rM 5 




y// ^kk 


- E { 

l',k',i',k' 




k'k\k'k V I k'k;k'k 

^l'l,m-,i'i,m ~ '^"i“"i'^Z'Z,m-l;Z'Z,m 


Z' Z 1 

m+l m+l /'/^m+l;Z'Z,m/ ^Z'm;Z'm' 


Thus, the hrst commutator from flTOD gives a system of equations with respect to the coeffi¬ 


cients c 


k'k-,k'k 


cy k'k]k'k 


(«m+l)^ + («m)^ 


k'k-,k'k _ I' I k'k-,k'k _ I' I k'k-,k'k 

^l'l,m-,i'i,m '^"i^"i'^Z'Z,m-l;Z'Z,m “™+l“™+l'^Z'Z,m+l;Z'Z,m' 


Or, substituting instead their values, we obtain 


2c 


k'k\k'k 
VI I'l 


{(l + m + l)(i - m) + (1 + mXr - m + 1)| 

- y(l + m)(l - m + l)(i + m)(i - m + l)<AA;i.i,™- 

- y(l + m + l)(i' - m)(i + m + 1)(! - (71) 


This system can be solved at the hxed indices I', I, I', I, k', k, k', k. Let us hx some indices 
/, /, k\ k, k', k and denote via Cm- Then we obtain a system of homogeneous 
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equations for c^, where — min(/',/) < m < min(/',/). We solve these equations using the 
Gauss method. When m has the value mo = min(/',/), we obtain an equation containing 
two unknown variables Cmo and Cmo-i, from which Cmo-i is dehned via Cmo- Further, when 
m has a value mo — 1, we obtain an equation with Cmo- 2 , Cmo-i, Cmo, from which we can 
dehne Cmo -2 via Cmo again. In doing so, we see that the coefficients different from 

zero when \l' — l\ < 1, that is, at /' = /,/' = / — 1 and /' = / + !. For other values of I' the 
coefficients are equal to zero. First, we take I' = I (/', /, k', k, k\ k are arbitrary), 

then the equations fl7T|l are rewritten as follows 


[2 - (/ + m + !)(/ - m) - (/ - m)(/ - m + 1)] + 


k'k\k'k 

/ - \ / ^ \ 
rv t\i ^ rv rv I / 7 I I 1 \ / / \ 1 


+ + + + ^ + =0. 
o ' 7 n ^ /I 7\ k'kik'k I 7 k'k\k'k n k'kik'k k'k\k'k 7 

Supposing m = /, we find that (1 - l)c .., ■ ■ . + ^ - ■ . = 0. Whence c .., ■ ■ . = c„ . • /; 

k'k\k'k k'kik'k/i i\ i j-i k'k:k'k j j j o • _ 

c,,, ’ . = c„ •: . (/ — 1), where the constant c,, •. does not depend on m. Supposing 

//,7 —^ ^ ± i. <-> 

m = Z — 1, we hnd analogously that cf, = G, ^(Z — 2). It is easy to verify that for 

any m there is an equality 

UfU.LfL h'L'-h'h 

rv/v.rvri. n/rb.n/A/ 

C . . = . • 777 

Let us suppose now Z' = Z — 1, then the equations fl7T]) take the form 
[2 - (i + m + 1)(! - - (i + ™ - l)(i - „)] 

+ V(; + m - l)(i - m)(! + m)(! - m + l)c, 

+ y(! + m)(! - m - l)(i + m + l)(i - 

Making in these equations the substitutions 


= 0 . 


k'k]k'k 

C 

k'k-k'k 

k'k;k'k 

Z—l,Z,m+l;Z^Z,m 


+ m - l)(i - m + 1), 
+ “ + !)(' - ™ - 1), 


we obtain 


[2 - (Z + m + 1)(Z - m) - (Z + m - 1)(Z - m)] ^\/(^ + m)(Z - m) + 

+ (/ + ^ _ 1)(/ _ ^ + l)h^';;^'^_^^,.,.^V(^-m)(Z + m) + 

+ ^ _ 1)(/ + ^ + = 0. 

Whence 

o fi ;2 I 21 —k'k\k'k , \i2 / i ^21 —k'k-.k'k , 

2 1-Z^ + mGc ’ /,/ . + Z - ("i - 1) C ; 1 ;•// ■ + 

L J Z—l,Z,m;Z'Z,m L ^ -I Z — l,Z,m—l;Z'Z,m 

I [72 ( I 1 \21 ^'k;k'k ^ 

+ / — m + 1 C, ’ , =0. 

L -I Z—l,Z,m+l;Z'Z,m 
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It is easy to verify that this system can be solved at ^ p- ^ (this coefficient does not 
depend on m). For that reason we can suppose cf . = cf . . Coming back to the 


old variables, we hnd that 


Jt'k-,k'k 


k k:k k /To 9 

Min ■ V 
Z—l,Z;Z'Z,m 


Finally, let us suppose /' = / + !. In this case the system (|7T]1 takes the form 

[2 - (/ + m + !)(/ - m) - (/ + m + !)(/ - m + 2)] 

+ ^(l + m + l){l-m + 2){l + m){l-m + 


+ ■\/(Z + m + 2 )(/ — m + 1 )(Z + m + 1 )(Z — m)c 


k'k-,k'k 

Z+l,Z,m+l;Z^Z,m 


= 0 . 


Making the substitutions 


k'k-,k'k 

k'kik'k 
C 

Z+l,Z,m— 

cf^ . = ^(/ + m + 2)(/-m)hf'"; 

1 + 1 , 1 ,V V ' ' / 74-1 


= V(' + ™)(' - ™ 

IJT,* = y(7 + m)(7 - m + 

'k;k'k 

Z+l,Z,'m+l;Z^Z,m’ 


we obtain 


[2 - (/ + m + !)(/ - m) - (/ + m + !)(/ - m + 2 )] ^y{l + m + l){l-m + + 


+ (/ + ^)(/ _ ^ + 2) + m + !)(/- m + 

+ (/ + ^ + 2)(/ - m) V(/ + m + !)(/- m + = 0. 


Whence 


2 [m^ -f- 21] ^. . +[f -m^ + 21 + 2m] ^ . + 

L J ZH-l,Z,m;Z'Z,m L J Z+l,Z,m—l;Z'Z,m 

+ + 2 / — 2 m] S 


^'k]k'k ^ 

• • = u. 

Z+l,Z,m+l;Z'Z,m 


A solution c^^i’ny m latter equation does not depend on m also. 

Thus, the action of the commutator Ao, , X([ on the basis vectors gives us 

' 'J' ’ ^ ^ 


the following solutions: 


c 


+'k-,k'k 
Z—l,Z,m;Z'Z,rh 

k'k;k'k 

C • • 

ZZ,m;Z'Z ,rh 

^k'k;k'k 


k'k:k'k /lo 9 

*^7 1 / /■//■ ■ V 
Z—l,Z;Z'Z,m 


k'k\k'k 


Z+l,Z;Z'Z,m ^ ^ ' 


Z+l,Z,m;Z'Z,m 

With the aim to hnd the hnal form for non-zero elements of A 3 we must apply the commutator 
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A“,Y“ ,Y: 


. In the result we have 


A“,Y“ 


\/tt 
’ * + 


^kk 

^lm;l7h 

E 


^^m+1 


+ i<y 


k'k-,k'k i' i k'k-,k'k 

C ■ ■ — CK ■ CX. ■ C ■ ■ 

l'l,m-,l'l,rh ^ ^ I'II,m—l 


\ /-k'k' 


i' i k'k-,k'k 

m+1 


Hence it follows 


2c 


k'k-,k'k 


a 


I \2 
m+l / 




C 


k'k-,k'k 


i' i k'k\k'k 


i k'k-,k'k 




Solutions of the latter system are derived by means of the analogous calculations presented 


in the previous case of the commutator 


A“,X'i 


,X“ 


They have the form 


c 


c 


k'k^yk 

I' 1,1,171 

k'k;k'k 

C • • 

1,171 

k'k-,k'k 
l'l,ra-,l-\-l,l,iri 


k'k-,k'k ^ /To ^9 

^in i 1 /V 


h'h-h'h 

C,,, 


= C 


k'k-,k'k 


+ 1)2 — m2. 


Thus, matrix elements of Ag are 


A 


c 


c 


k'k;k'k 

I—1,1,m;l—1,1,171 

k'k;k'k 
k'k-,k'k 


C 


k'k;k'k 

i-i,i-,i-i,i 


m?){P 




c,. 


k'k-,k'k 

c^^-- mm, 


(72) 




_ k'k-,k'k 


+ 1)2 — m2)((/ + 1)2 — m2). 


All other elements of the matrix Ag are equal to zero. 

Let us define now elements of the matrices A)^* and A^^ For the transformation A^/ in the 
helicity basis we have 


1,11 ^kk _ 

1 ^lm-,ifn / j 


k'k-,k'k ^k'k' 


V ,m' ,1' ,m' ,k' ,k' 

We will hud the numbers , using the relations A,^ = Af), A, (oTAi^ = i B,' An 

I'l rn'rr).-l'l rri'rn. ^ ^ z ’ o \ i L > o 
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and ([H]) (or Indeed, 


xll^kk _ \ll\ll^kk _ \ll\ll^kk 

ill \ k'k\k'k 


= A‘‘ 


k'k-,k'k Afc'fc' — fV* — 


'2 '^l'l,rn'm-,l'l,m'm'’l'rn'\rm' 2 * 

l',m',i',rh'k',k' 

_ i ^kk , , Z 1 k'k-,k'k ( V ^k' _ 

V ,m' ,i' ,7h' ,k' ,k' 

— n^' — n^' ^ — 


E 

l> ,m',i',m',k',k' 


k'k-,k'k >«•«■ _ \ ■ 

Z'Z,m',m;Z'Z,m'm-l^Z'm';Z'm' 2 '"lU,rn',rn;i'i,m'rh+l'^l'rn'il'm'' 


-fc'fc' 


^ Z \ ^ k'k]k'k ^k'k' , —Ct \ ^ k'k;k'k , 

2 / -! l'l,rn',rn—l-,i'dotl,rh'm^l'rn'-,i'rh' 2 ^■+1 / j Z'Z,m',m+l;Z'Z,m'm’Z'm';Z'rh' 

I' ,m' ,i' ,rh' ,k'k' I' ,m\i' ,7h' ,k' ,k' 

1 


-fc'fc' 


^k'k\k'k 

in •m • in -rM^rviJ-l 


I',m',1',m',k',k' 


Dividing the first sum on the four and changing the summation index in the each sums 
obtained, we come to the following expression: 


A li^kk _ _ 

1 ^Im-Jm 2 


I' ,m' ,i' ,7h' ,k' ,k' 


_ I' k'k]k'k 
l'l^m'-^l,m;t 1,771^771 — 


}' k-'h-L-'h if h'h-h'h 7 h'h-h'h 1 h'h-h'h 

(, /xn^./v/v I ij f\j r\j >,f\j f\j ij r\j r\j • r\j r\j i (, f\j >,f\j f\j i 

^'^'^Vl^m'm-^Vi^Th'— l^ih ^’’^^Vl^rn'^rn—l]i'i^7h'7h 


i k'k-M'k _ i k'k-^k \ .k^y 

^ l'l^7n'm;i'i,ni',ni—l m+l Z'Z 


Therefore, elements of the matrix Af have the form 


h'h-h'h -L / 7/ yfy-yh If h'h-h'h 

f\j r\j f\j f\j /x/x^/x/x I r\j ^ r\j r\j 


i' k'k:k'k 


. + 


l'l,m'm;i'i,rh'rh 2 V ”^^+1 Z'Z,m'+l,m;Z'Z,m'rii Z'Z,m' —l,m;Z'Z,m'rii m'+l I'Im;i'1 ,m'+1, 

V h'h-h'h 1 h'h-h'h 1 h'h-h'h 

(,/xn/-/x/x {j f\j r\j >,f\j f\j I (, /x/Xi/x/x i 

~ ^”^'"Z'Z,m',m-l;Z'Z,m'm ‘^”^+l^Z'Z,m',m+l;Z'Z,m'm"*~ 

I fyi, k'k-,k'k _ Z k'k-,k'k \ >Zc'fc' /yo'i 

^ l'l,7n'7n;i'i,7h',7h—l ™+l Z'Z Z'Z,m',m+l/ ^Z'm';Z'm'' V / 

Since ■ ,■ .,. ^ 0 only at m' = m, m' = m and /' = / — !, /, Z + 1, V = / — I, /, / + !, then 


at the hxed indices m, m, Z, / k' fc, k' k we have twelve numbers , which 


are 


different from zero. Substituting q:(„ = a/(Z + m)(Z — m + 1), (Z + m)(Z — m + 1) 

^k'k;k'k 
'^Ul7n;i'i,7h 


into fl75D and using ^ from fl72D , we hnd that 


a 


k'k;k'k 

I—1,1,771—l,77i;l—1,1 ,tHtH 

k'k-k'k 


a 


a 


ll,m—l,m;ll,7hTri 

k'k;k'k 

l-\-l,l,7n—l,7n;l-\-l,l,7h7h 


■ 2 ^-uDi,zV {l + m){l + m- 1){P - m^), 


2 ^/il + m){l - m + 1), 


k'k]k'k 

2‘";+i,;;Z+i,z 


m + 1)(Z — m + 2)((Z + 1)^ — m^). 
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a 


^k'k]k'k 

k'k;k'k 

ZZ,m+l,m;ZZ,mm 


a 


a 


k'k\k'k 


ZH-l,Z,m+l,m;Z+l,Z,'mm 




\/{l + m + l){l-m), 


—-c; r,, .-a/ (^ + m + 1 )(Z + m + 2 )((Z + l)^ — m^), 


k’k-,k’k 

2 '"Z+1,Z;/+1,/ 


a 


_^k'k\k'k 

Z—l,Z,m,m;Z—l,Z,m—l,m 
k'k;k'k 


a 




a 


k'k'.k'k 


Z+l,Z,m,m;ZH-l,Z,m—l,m 


k'k\k'k 
^ k'k]k'k 

-2%ii ^ 


m?){l + m)(/ + rh — 1), 


+ m)(/ — m + 1), 


■2C5;ImV((^ + 1)^ - - ^ + 1)(^ - rn + 2), 


^'k\k'k 

Z—l,Z,m,m;Z—l,Z,mH-l,m 
k'k\k'k 


= ^ -1)^ 


a ■ ■■ . = —cf (/ + rh + 1)(/ — rh), 


k'k;k'k 


,A/((^ + i)'-"i')(^ + ^ + i)(^ + ^ + 2). (74) 


Let us define elements of the matrix From A2 = 


and 


A",A“ 


(or A2 = —i 


A“c“,-. = y 


-k’k’ 


yi'k-,k'k A* 


I' ,m' ,1' ,m' ,k' ,k' 


and also the relations ([ 8 ]) (or (fTTD L d 72 |) it follows that 


B",A? ) 


lj^'k\k'k 

Z—l,Z,m—l,m;Z—l,Z,mm 

j^k'k;k'k 
ZZ,m—l,m;ZZ,mm 

^k'k;k'k 

Z+l,Z,m—l,m;Z+l,Z,mm 


+ H(^ + - i)(^^ - 

^ h'h-h'h 


^,1* + 


^ h'h-h'h 

l\j rb • Ay Ay 

— C 

2 


m + !)(/ — m + 2)((/ + 1)^ — rh^), 


^k'k;k'k 

Z—l,Z,m+l,m;Z—l,Z,mm 

yc'k;k'k 

ZZ,m+l,m;ZZ,rhm 

^k'k;k'k 

ZH-l,Z,mH-l,m;Z+l,Z,7nm 


1 ){P - rh^), 




V(^ + "^ + 1)(^ + "^ + 2)((^ + 1)^ - rh^), 


lj^'k\k'k 

Z—l,Z,m,m;Z—l,Z,m—l,m 
yc'k\k'k 

ZZ,m,m;ZZ,m—l,m 

-ij^'k^k'k 

ZH-l,Z,m,m;Z+l,Z,rh—l,rh 


7ii?){l + rh)(/ + rh — 1), 


k'k-,k'k 
2^1-1, 

^ k'k\k'k 

- m2)(/ - rh + !)(/ - rh + 2), 


+ rh)(/ — rh + 1), 
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^k'k-k'k 

^k'k;k'k 

yc'k;k'k 


V -m){l-m- 1), 

i k'k-,k'k 


+ rh + 1)(/ — m), 


V((^ + 1)^ -m^){l + fa + l){l + fa + 2). (75) 


Coming to the dual representations, we find elements of the matrices A(^, A 2 and Ag^ 

* 

The dual transformations Af in the helicity basis are 


A ZZ ^kk 

1 ^Zm;Zm 

= E . 

*k'k\k'k ^k'k' 

l'l,rn'rn\i'i,m'm^lrn\Vm' ’ 


V ,m' ,i' ,m' ,k' ,k' 


A ZZ ^kk 

2 ^Zm;Zrn, 

= E . 

?fc'A;;fc'fc 


V ,m' ,i' ,m' ,k' ,k' 


A ZZ ^kk 

3 ^Zm;Zrn, 

= E 

*k'k\k'k ^k'k' 


V ,m' ,V ,rh' ,k' ,k' 


Calculating the commutators 


AS.Vf 


A",Y" 


yll 
’ ' + 


with respect to the vectors 


we find elements of the matrix Agh 


A“ : 


^h'h-h'h 

rv rv • rv rv 

c • • 

Z—l,/,m 

"^k'k-^k'k 

/Z,m;/Z,rh 

*k'k;k'k 
C • • 

k Z+l,Z,m;/+l5Z,m 




m?){P — rh^), 


"^k'k-^k'k 

\ii 


(76) 




Using the relations Ag = 


A“,Af 


(or Ag = —i 


B“,A“ 


) and flT^ (or ffTSjl h we find elements 


/// ■ / ■ of fho matrix Ag: 


^ 1^ ^ Ic^ Ic I / t \ / 1 -■\/'fO •ON 


/Z,m—l,m;//,mrh 


= (/ + m)(/ - m + 1), 


*k'k-,k'k 

a 




\*k'k-,k'k 


m + !)(/ — m + 2)((/ + 1)^ — tv?), 


Z—l,Z,m+l,m;Z—l,Z,mrh 

^k'k]k'k 

ZZ,m+l,m;ZZ,mrh 

* k'k\k'k 

Z+l5Z,m+l,m;ZH-l,Z,mm 




m){l — m — 1)(/^ — m^), 


1 ^h'h-h'h 

t\j fx >^t\j t\j 

2^1+iM+^S 


+ m + !)(/ + m + 2)((/ + 1)^ — m? 
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* k'k;k'k 

*k'k;k'k 

ZZ,m,m;ZZ,m—l,m 


^k'k;k'k 


+ m){l + m- 1), 


*k'k-,k'k 


+ m){l — rh + 1), 


5^1*1.., v'((' + 1)" - ">")(' - + 1)(' - A + 2). 


^k'k]k'k 

Z—l,Z,m,m;Z—l,Z,m+l,m 

^k'k-,k'k 

ZZ,m,m;ZZ,m+l,m 

* yh-h'h 

t\j rv • /V /V 

a • • 

Z+l,Z,m,m;Z+l,Z,m+l,m 




+ 1)' - "'X' + * + !>(' + + 2). (77) 


Further, from the relations A 2 = — 


A“, 


(or Ar, = i 


B",A" 


we obtain elements 


K ^ . of Alb All calculations are analogous to the calculations presented for the 

ZPr 2 meZ,m'm;Z'Z,m'm ^ ± 

case of Afb In the resnlt we have 


^k'k;k'k 

Z—l,Z,m—l,m;Z—l,Z,mm 

^k'k]k'k 
ZZ,m—l,m;ZZ,mm 

j^k'k;k'k 

Z+l,Z,m—l,m;Z+l,Z,rhm 


(/ + m)(/ - m + 1), 


yk'k;k'k 


m + !)(/ — m + 2)((/ + 1)^ — m^), 


^k'k;k'k 

Z—l,Z,m+l,m;Z—l,Z,mm 

ZZ,m+l,m;ZZ,mm 

^k'k]k'k 

Z+l,Z,m+l,m;Z+l,Z,mm 




^ *k'k;k'k • /T; | I -i \ // T 

2%ii + + 1)(1 


+ “ + !)(' + + 2)((' + 1)" - A"). 


k'k\k'k 

Z—l,Z,m,m;Z—l,Z,m—l,m 

^ *k'k;k'k j 

yi'k;k'k 

ZZ,m,m;ZZ,rh—l,m 

i *k'k-,k'k /TT 

Z+l,Z,m,m;Z+l,Z,m—l,m 

^ *k'k;k'k [T, 

_ 

Z—l,Z,m,m;Z—l,Z,m+l,m 

* *k'k;k'k / 

2 ^Z-1,iV 

^k'k;k'k 

^ *k'k;k'k / 

k'k;k'k _ 

Z+l,Z,m,m;ZH-l,Z,m+l,m 

^ "^k'k-^k'k [T, 

2^i+i,i-,i+iS\ 


P — 7rP){l + rh)(/ + m — 1), 


+ m)(/ — rh + 1), 


+ 1)2 — rrP){i — rfi + l){i — m + 2), 


rrP){l — m){l — m — 1), 


+ m + 1)(/ — m), 


+ 1)2 — m2)(/' +m + 1)(/+ m + 2). (78) 
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In general, the matrix A 3 must be a reducible representation of the proper Lorentz group 
0 _i_, and can always be written in the form 



Aj'" 0 

A'/’ 

0 


(79) 


where Ag^” is a spin block (the matrix Ag has the same decompositions). It is obvious that 
the matrices Ag, A 2 and Ag, A 2 admit also the decompositions of the type fl7^ by dehnition. 
If the spin block Ag^* has non-null roots, then the particle possesses the spin Sj = |/j — /j|. 
The spin block Ag in fl7^ consists of the elements c^^,, where and i, are interlocking 
irreducible representations of the Lorentz group, that is, such representations, for which 
l[ = /i ± i, ^2 = ^2 ± At this point, the block Ag contains only the elements 
corresponding to such interlocking representations , r^/ i, which satisfy the conditions 

1^1 — ^ 2 ! ^ 5 < /l + /2, 1^1 — / 2 I ^ S < /g + 


The interlocking irreducible representations of the Lorentz group also called as Bhabha- 
Gel’fand-Yaglom chains P IT3]. 

Corresponding to the decomposition ([79]), the wave function also decomposes into a direct 
sum of component wave functions which we write 


A '^l2m2\i2Tn2 A T • • • • 

According to a de Broglie theory of fusion [10], interlocking representations give rise to 
indecomposable RWE. Otherwise, we have decomposable equations. As is known, the in¬ 
decomposable RWE correspond to composite particles. A relation between indecomposable 
RWE and composite particles will be studied in a separate work. 


6 Separation of variables in RWE 

6.1 Boundary value problem 

Following to the classical methods of mathematical physics it is quite natural to set 
up a boundary value problem for the relativistic wave equations (relativistically invariant 
system). It is well known that all the physically meaningful requirements, which follow from 
the experience, are contained in the boundary value problem. 

Let us construct in the two-dimensional complex sphere from the quantities Zk = 
Xk + iyk, Zk = Xk- iyk as follows 

= zl + z^ + zl = x.^-y^ + 2 ixy = (80) 

and its complex conjugate (dual) sphere 

z = 4- (^2 + 2:3 = X — y — 2^xy = r . (81) 
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For more details about the two-dimensional complex sphere see [miiHiEg. It is well-known 
that both quantities — y^, xy are invariant with respect to the Lorentz transformations, 
since a surface of the complex sphere is invariant (Casimir operators of the Lorentz group 
are constructed from such quantities, see also (j2njl ). Moreover, since the real and imaginary 
parts of the complex two-sphere transform like the electric and magnetic helds, respectively, 
the invariance of ~ (E -I- zB)^ under proper Lorentz transformations is evident. At this 
point, the quantities x^ — y^, xy are similar to the well known electromagnetic invariants 
£;2 _ ^ 2 ^ This intriguing relationship between the Laplace-Beltrami operators fl20D . 

Casimir operators of the Lorentz group and electromagnetic invariants ~ x^ — y^, 

EB xy leads naturally to a Riemann-Silberstein representation of the electromagnetic 
held (see, for example, [3HI EH [7j). In other words, the two-dimensional sphere, considered 
as a homogeneous space of the Poincare group, is the most suitable arena for the subsequent 
investigations in quantum electrodynamics. 

We will set up a boundary value problem for the two-dimensional complex sphere (this 
problem can be considered as a relativistic generalization of the classical Dirichlet problem 
for the sphere S'^). 

Let T be an unbounded region in ~ and let H be a surface of the complex two- 
sphere (correspondingly, S, for the dual two-sphere), then it needs to find a function '0(g) = 
(0mm(g), 0mm(g))^ Satisfying the following conditions: 

1) '4^ id) is a solution of the system 




i=i 

3 


i=i 

3 


] Ftn. 0 Qa* 


i=i 


i=i 


0 , 

0 , 


in the all region T; 

2) 0(g) is a continuous function (everywhere in T), including the surfaces S 

3) 0mm(g) I .^mm(g); ^ > whcrC Fmrhi^O) and Frnm 

integrable functions defined on the surfaces S and S, respectively. 

In particular, boundary conditions can be represented by constants. 


and S; 

(g) are sguare 


0 ( 0 ) 


= const = F( 


0, 


0 ( 0 ) 


= const = F( 


0 - 


It is obvious that an explicit form of the boundary conditions follows from the experience. 
For example, they can describe a distribution of energy in the experiment. 

With the aim to solve the boundary value problem we come to the complex Euler angles 
(fT|) and represent the function 0(r, 6 *^, ip^) = (ppmmir, 6^, ,'ipmmir*, 6^, f^e form of 

following series: 


i i 


0 mm (a ^ 5 f lmk;imk^ 

l,i=0 k,k 


0mm(r'*,0000 = 

/,/=0 k^k 


O E E 0 . 0 ). (82) 

n=-ln=-i 
I i 


lmk;irhk v 


E E r, 0 , 0 ), (83) 

n=-l n=-i 
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where 


a 


;-l)’^(2/ + l)(2/ + l) 


In-,In 327r^ 


§2 


a 


(- 1 )"( 2 / + 1 )( 2 / + 1 ) 
In-,In 327r^ 


Fmrhid", e, 9, T, 0, 0) sin O'" sin O'^dOd^dTde, 


Fmm{9‘^, ''') 0; 0) sin6*'" sin O'"dOdifdrde, 


§2 


The indices k and k numerate equivalent representations. 


m 


ii 

mn;7hh 


{ip,e,e,T,0,0) 


e, 6^, r, 0, 0)) are hyperspherical functions dehned on the surface S (S) of the 

* 

two-dimensional complex sphere of the radius r (r*), fimk-imk(^) f imk-imk^F) are radial 
functions. It is easy to see that we come here to the harmonic analysis on the complex 
two-sphere, since the series (l82|) and (1831) have the structure of the Fourier series on §^. 

Let us introduce now hyperspherical coordinates on the surfaces of the complex and dual 
spheres, 


(84) 


2:1 

= r sin 9^ cos ip^, 

zl 

_ y,* 

sin 9^ cosip'^. 

2:2 

= r sin^'^sinip'^. 


_ y,* 

sin sin 

Z? 

= r cos 9^, 

CO * 

_ y,* 

cos 9^, 


where 9^, are the complex Euler angles. Let us show that solutions of the equations 
can be found in therms of expansions in generalized hyperspherical functions considered in 
the previous section. 

With this end in view let us transform the system (1581) as follows. First of all, let us 
d d 

dehne the derivatives tt—, — on the surface of the two-dimensional complex sphere 

Otti da* 

and write them in the hyperspherical coordinates (18T|) as 


d 

dai 

d 

da2 

d 

da-^ 


sin(y9'^ d cos 9 ?'^ cos d 


r sin 9'^ dp) 
cos If' 


+ 


d 


g^+cosv>‘smr^. 


d sin 09'^ cos 6*'^ d r nr ^ 

. .^ TT- +-^ + W’ 

r sm 9^^ dip r d9 dr 

sin^'^ d _ 5 


(85) 

( 86 ) 

(87) 


d 

dal 

d 

dal 

d 

dan 


d 




sm ip 


d cos ip^ sin 9^ d 


dai 

_ . d _ 
da2 

i—- 


r sin 0'^ de 
cos ip 


+ 


d sin cos 6*'^ d 


r sin de 
sin^'^ d 


+ 


• d 

TT— \- i cos sin 9^^—, 
dr dr 

- ■ -c ■ he d 

_ ?sm(p smfc^ —, 
dr dr 


da^ 


he d 

— \icos9 — 
dr dr 


Analogously, on the surface of the dual sphere dST]) we have 


d 

dai 

d 

da2 

d 

da?, 


sm ip 


r* sin 9'^ dip 


d cos cos d r nr d 

-^-:-— + cos(p sm0 -—, 


d9 




cos(p d sm(p cos6> d . r . nr d 

-H- - -+ sm(p‘'sm6'‘'-—, 

r* sin 9^ dip r* d9 dr* 

sin 6*'^ d d 

dr-' 


( 88 ) 

(89) 

(90) 

(91) 

(92) 

(93) 


31 
































(94) 


da 


d d sin ip^ d cos (p^ cos d r nr d 

= —-^-t;- icosip Sin6* 


1 


dai 


sin 


0 c de 


dr 




d d cos p d sin p^ cos 6 d r nr d , . 

7^ = -*77:^ =-^7^- - -7^-*sin(Z3''sin0 7—, (95) 

da 2 da 2 r* sin 6^ de r* dr dr* 


da 


d . d sinO'^ d . ■ d 

= —* 77 :^ = - 77 - icosd- -. 


da^ 


r* dr 


dr* 


(96) 


Coming back to the equations (l58|) . we see that the matrices and inherit their 
tensor structures from the inhnitesimal operators (|71) . 

A“ = Aj.®l 2 i+i-l 2 /+i®A'. 

Taking into account the latter expressions, we rewrite the system fl58|) as follows 

3 , 3 


i=i 

3 




i=i 


5^ (A; 0 i2,+i - i^+i 0 A;) ^ * 5^ (A; 0 i^+i -1 


'■? j=i 

3 


J \ 


dai 


i=i 


^ > da* 

k\\±.+k'P = 0 . 


21+1 - 


Substituting the functions t/i = ^( 0 ) 1 /’^ ("0 = ^;;^(0)0 ) and the derivatives 

flTO -fl96 |l into this system, and multiply by Tp{Q) = Tii{p‘^, 6^^, 0) (T;;(g) = Tii{p'^, 6"^, 0)) 
from the left, we obtain 

sinip'" d{T~A 


'^liid) (A^ ® l2i+i I 2 Z +1 ® A;^ 


r sin 9^^ dp 


cosp"" cos9^ d{T d{g.)'ll)') _ d{T d{g.)'il)' 

H- - - ^077 -hcos(p sm 0 - 


d9 


+ Tii{g) (A 2 ® I 2 Z +1 121+1 ® A 2 


dr 

cosp"" d{T~d[g)'il)' 


+ 


r sin 9^ dp 
sin p'^ cos 9^ ^ (9)00 


d9 


+ sin p'^ sin 9 


.5(T0^(0)0') 


dr 


+ 


Tams 


sin0'=9(T700)0O , d{Tj\g),l)') 


+ COS 0 " 


r d9 dr 

+ *^11(0) (^A;^ ® 121 + 1 ~ I2I + I 8 ) A;^^ 


+ 


sm 


0 C d{TT\g)^l)') 


r sin 9'^ 

cos p^ sin 0^^ d{T~A [q)'i})' 


de 


dr 


+ i cos p'' sin 0 




dr 


+ 
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A 2 ® i2i+i - i-21+1 <&> A 2 I-^-^-h 

'' r sin 6*^ 


sin cos 9'^ ^i'^ii ^ (0)'*AO 


+ i sin ip'^ sin 6' 




+ *^ 11 ( 0 )^ 


, sin0^a(T7^(0)V’') , 


+ i cos 9'^ 


+ K^'ip = 0 , 


cos (p'^ cos 9^ {Tp^{Q)'ip) . {Tp^{Q)'ip) 

+-j-^---+ cos sin 9^ “ - 

r* (717 (7r* 


1 . cosp^ {9)'ip) 


T,K0)(^A2®W l2Z+l®A2j + 

r* d9 or* 


* * . 
+ Tum^i 


sinr(T^7^(0)^') ,,(^7^(0)^') 

--h cos9'^ -- 


* t \ fli t 1 li\ sin(7'' {T^i^{9)'ip) 

*^zz(0) (^Ai ® I2Z+1 - l2i+i ® Ai j 77—^ 

cos^'^cos^^ (7'7^(0)'0 ) . ) 

-- I cos ip sin 9 —- 

^py'T' 


*^zz(0) ( A 2 ® I 2 Z +1 I 2 Z +1 ® A 2 ) 


cos <7*^ (^z"(5)^) 
r* sin 9"^ de 


sinip^ cos 9'^ (T^{g,)'ip) _ (Tj^^{g)'ip) 

- - -- i sin p sin 9 —- 


sin97r7‘(8W) 


*^Zz(0)^3 


+ kPip = 0 . 
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In virtue of the invariance conditions fl 6 ip we have 


T,K 0 ) [-A'/ sin cos TT^{g) = A“, 

T^l{g) Uf cos cos + A“ sin ip^ cos 6^ - A“ sin Tt 1 ( 0 ) = A 2 , 

T;;( 0 ) \2Af cos sin + A“ sin <^ 9 " sin 6^ + A“ cos TT\g) = A“, 

^zKfl) -^1 sin 0 " + A' 2 ' cos ip^ T-A{g) = A^l, 

Til ( 0 ) 0 '^ cos 6‘^ + A 2 sin 0 '^ cos 6^ — A 3 sin 6^ T^^{g) = A 2 , 

Til ( 0 ) ^os p>'^ sin 6^ + A 2 sin ip'^ sin 6'^ + Ag cos 6^ = ^3 > 


2 ^.( 0 ) 


* . 


A“ sin + A 2 cos 99 ^ 


t;t'( 0 )=a“, 


* . 

// 


r,i(0) 

f,i(s) 


Ag COS 99'^ cos 6^ + A2 sin <^ 9 '^ cos 6^^ — A3 sin 6^ 


Ag cos </ 9 '^ sin 6^ + A 2 sin 99 '^ sin 6^ + A 3 cos 6 *'^ 


T,7n0) = A^', 


t,7^(0) = A[,', 


^.( 0 ) 

^.( 0 ) 


Tuid) 


—Ag COS < 7 ^ cos — A2 sin 0'^ cos + A3 sin 6'^ 


Ag sin Lp'^ — A 2 cos 0 '^ 


T7^(0) = A“, 


Ag COS ip'" sin 9^" + A2 sin 0 '" sin 9'^ + A3 cos 9^ 


T;:\g)=Al 


Tp\g) = A^, 


Taking into account the latter relations we can write the system (158|1 as follows 


1 


r sin 9'^ 


Ai ® ^2i+i^iiis)' 


1 . _a(TTi(0)V>O 


dip 


r sin 9^ 


I2I + I ® A3T;,'(0)- 


d{T-\g)i^') 


■ „ a; ® I 20 iT;70) ^ ' + 

rsm9<^ ^ ^ de 


dip 

l 2 i + l ® A3i;70) — 


r sin ^ de 

1 , ^(7^,7'(0)V’') 1 / a(T,7^(0)V>') 

-A 2 ® l2/_,_3Tj/(0) + ~^2l+l (^A^Tiiig) “■ 


d9 


'-21+1 


d{T;:\gW) 


^sTiiig)- 




dr 


+ iKTuis)- 


dr 


+ = 0 , 
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1 * • * d{T Mg)xj)') 1 * * d{T Mg)tp') 

_a; «- ^1,,. ® A;r„(rt^^^+ 


i *: * d{T ■^{g)'ib) i ** d{T ■^{g)'ib) 


1 * (9(T ■^( 0 ) 1 /?) 1 * * 

—A 2 ® l 2 «+iT;;( 0 ) — h — 12/+1 ® ^ 2 ^Z/( 0 ) 


hi, ) 


• , S(^„-‘(b)^) i 






^*l 2 Z+l ® ^ 2 ^Z/( 0 ) 


\iM ( 0 )^) Azz^ ,A^u ( 0 )^) 


+ a!,'t,( 0 )- 


- .A|,^T,(0) =0- (97) 


The matrices T^- (g), T^- (g) depend on (p^ e, 6*, r. Therefore, we must differentiate in 
Tp{g)%p' {Tppg)^)) ) the both factors. After differentiation we come to the following system: 

■ ^ A\ ® laz+iwr--I 2 Z +1 ® Al^ + . ^ a; ® l2Z+i^f— 

r sm 6*^ dip r sin 9^ ^ dip r sm 9'^ de 


d'lp' I 


d'lp' I. 


rsm»d 2 '+i®Ai / 2 ®l 2 /+i ® ^2 

- -A 2 ® Ml+l-^ - ^^2Z+l ® A2^ + Ag^ +*A3^ + 


rsin0^^'®^2Z+i7^''^®^ dip rsin^'^ 


, ^7-,7^(0) 

de r sin 9^ 

dTpig) , 1 


+ - ;^l 2 « ® a;t„:(»)^ 


9Tp(B) 

de 


1 , <9^,7^ (g) 1 ,■ dTp{g) 

- -/2 ® l2Z+i7^zz(0)^^ + -12Z+1 ® A^T,(0)^^- 

-;A‘ ® l24ir,/(!))^%^ - ;12,+1 0 A'r,i(B)^^^ + k“/ V>' = 0, 


1 ? /■ ^ d%p 1 ^ t z '9V’ * I / ., '9V’ 

—^ : hcAi ® l2Z+i“^ ; ^l2Z+i ® Ai"^ I ~ : hc^i ® ^2Z+i“^ I" 

r* sm 9'^ dip r* sm 9^ dip r* sm 9^^ de 

i * , dxp' 1 * / ^ dxp' 1 ^ *, d^p' 

+ ;:r~^^ 2 z+i ® a,^ - -a^ ® nz+i^ + -I 2 Z +1 ® 


r* sin 9'^ 


H- -lo/ii ® An 


i *j ^ dip i ti9ip liidip ■tiid'ip 

—A2 ® l 2 z+i-^ - —I2Z+1 ® ^2-^ + As-^ - 
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+ 


1 * • * dT 


r* sin 9^ 


dip 


1 * * 5T“Vfl) 


r* sin 6*^ 


dp 


* Xi 


r* sin 9^ 


* dT-^ia) 

Al®WiT,-(0)- " 


ae 


r* sin 9^ 


I 2 Z +1 ® 




ae 


1*. * 5T;;i(g) 1 * * dT-M^) 

- -A' ® l2Z+iT,(0)-|^ + 0 ^2^,(0)—^ 


* Xi 


^ ^ ,aT,7^(0) _ , 

Y' ^ 




A 2 ® l2/+l^;K0) 12Z+1 ® A2^;;(0) “ + k^I 


dr 


^ =0. (98) 


Let us show that the products T^Xq) ^ , ..., T^Xq) ^ ^ are expressed via linear combi¬ 

nations of the inhnitesimal operators. For example, let us consider the simplest tensor rep¬ 
resentation Til = Ti n ® Tn 1 . The representation ri 1 is realized in the four-dimensional 
symmetric space Sym(l,l). The matrix of ri 1 in the space Sym(l, 1) has the following 
form: 


n*(o) = 


/ ac nc 

e cos Y cos Y 

• f: fi^ ' 

—le cos Y sm 

• e • 0 = 

le sm Y cos y 

f\c , Ac 

\ e sm Y sm y 




^up 


le 




OC , nc 

COS y sm Y 

9^ 9^ 

cos y COS y 

. . QC 

sm y sm y 

, ^c Ac 

sm y cos y 


ze 


— 


^-tip 


-le 


—ip 


sm y cos y 

9c . ^c 

ysiuy 
cos Y cos Y 

rtC , Ac 

cos Y sm Y 


_ , ^c , ^c 

e sm Y sm y 

• _£ . 0C 0 = 

ze sm Y cos y 

• _e 0C . 0C 

—ze cos Y sm y 

_ ac Ac 

e cos Y cos Y 




/ 


This matrix is obtained from fl25D via replacing all the functions 3mnmn(6',r) by 
^in;rnn{^. 6, 0, T, 0, 0) = ^)- Au iuverse matrix for Ti i (g) is 


TllXo) = 

2 2 


_ nc Ac 

e cos y cos y 
ze”*"^ cos Y sin y 




. f)C nc 

sm Y cos Y 


^ * 9^ • 9^ 

\ e sm Y sm y 


. nc , nc 

ze cos Y sm y 
cos f cos f 
sin f sin f 

. g . 5>C QC 

—ze sm y cos y 


, _ , nc nc 

-ze sm Y cos y 
^ sm Y sin ^ 
e*'^ cos Y cos ^ 
cos Y sin y 


_ , nc , nc 

e sm Y sm y 




-ze 


sm 


cos ■ 


ze 


up 


9c , Ac 

cos Y sm Y 


e 0^^ 0^ 

e cos Y cos Y 


Inhnitesimal operators of the representations rig 


and Tn i are 

u, 2 


A? 

B? 


z 

0 1 ' 

i 1 

' 0 1 ' 

i 1 

'z 0 ' 

“ ~2 

1 0 

, Ao = - 

’ 2 2 

-1 0 

, Ao = - 
’ ^ 2 

0 -z 

1 

0 1' 

05 1 

0 -z' 

05 1 

'1 0 ■ 

“ ~2 

1 0 

’ ^2-2 

z 0 

’ - 2 

0 -1 

z 

“ ~2 

1 r 

0 

0 

_ 1 L 

, A| = - 
’ 2 2 

■ 0 1' 
-1 0 

, A| = - 
’ 3 2 

'i 0 ■ 
0 -z 


1 

0 1' 

05 1 

■ 0 i' 

05 1 

■-1 o' 

2 

1 0 

, Bn = - 
’ 2 2 

-i 0 

, Bo = - 

’ 3 2 

0 1 


(99) 
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Taking into account the latter relations, we find 


TiiiQ) 

n n \ ^ / 


dTrl{&) 


dip 

/—i cos 6^ + i cos 6^ 

1 sin 9^ 

2 sin 9^ 

\ 0 


— sin 9'^ — sin 9'^ 

-i cos 9^^ — i cos 9^^ 0 

0 i cos 9^^ + i cos 9‘^ 

sin 9^^ sin 9'^ 


0 

— sin 9‘^ 

— sin 9^ 

i cos 9'^ — i cos 9' 


= —(As ® I 2 cos 9"^ — I 2 ® As cos 9"^) — (A 2 ® I 2 sin 6 ''^ + I 2 ® A 2 sin 9'^), ( 100 ) 


TiiiQ) 


dT^hs) 

\ 2 2 _ 

de 

/ — cos 9^ — cos 9^ —ism9'^ ism9^ 0 \ 

1 i sin 9'^ — cos 9^ + cos 9^ 0 i sin 9'^ 

2 —i sin 9^ 0 cos 9'^ — cos 9'^ —i sin 9^ 

\ 0 —i sin 9^ i sin 9^ cos 9^ + cos 9^/ 

= -(Bs ® l 2 Cos 6 *‘' - I 2 ® Bscos^'") - (B 2 ® l 2 sin 6 *^ + I 2 ® B 2 sin 0 ‘'), ( 101 ) 


ni(s)- 


dT^lid) 


ni( 0 )- 


dT^lis) 


' 0 i —i 0 

1 i 0 0 -i 

2 -i 0 0 i 

\^0 —i i 0 

/O 1 1 0\ 
__1 10 0 1 

2 10 0 1 

\0 1 1 0 / 


— Ai ® I2 — I2 ® Ai 


— Bs ® I2 — I2 ® Bs. 


( 102 ) 


(103) 


Further, a matrix of the conjugate representation ri 1 has the form 

2 ’ 2 


Tuid) = 


nc nc 

e cos Y cos Y 

• 0 ^ • < 9 ^ 

le cos Y sm y 

• f: • 

—le sm Y cos y 

, nc . nc 

e sm Y sm y 


le ^ cos Y sm y 
e-v^cosf cosf 
g-iv? sin ^ sin y 


-le ^ sm Y cos y 
sin ^ sin y 
cos f cos f 


_ , nc . nc 

e sm Y sm y 

. _ , nc nc 

—le sm Y cos -j 

■ -e 0^^ ■ 0’^ 

le cos Y sm y 

-e 0’^ 0= 

e cos Y cos Y 


and its inverse matrix is 


^li(s) = 


_ nc nc 

e cos Y cos Y 
—cos ^ sin y 
sin ^ cos y 

. nc , 

e sm Y sm y 


. _ nc , nc 

—?e cos Y sm y 
cos ^ cos f 
sin f sin f 

• /r • R^ R^ 

le sm Y cos y 


. _ , nc nc 

te sm Y cos y 
sin ^ sin y 
cos ^ cos Y 

• c R^ • ^9*^ 

—-je cos Y sm y 


_ , nc , nc 

e sm Y sm y 

f sin ^ cos y 

cos ^ sin y 

nc nc 

e cos Y cos Y 
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In this case we have 


* <9T7U0) 

Tii( 0 ) 


2 2 


dip 

(—i cos 9^ + i cos 9^ 
sin 9"^ 
sin 9^ 

0 


— sin 9'^ 

i cos 9‘^ + i cos 9‘^ 
0 

sin 9^ 


— sin 9‘^ 

0 

\ 

0 

— sin 9^ 


—i cos 9^ — i cos 9^ 

— sin 9'^ 


sin 9^ 

i cos 9'^ — i cos 

9y 


= (As (g) I 2 cos - I 2 (g) As cos 9 ^") - (A 2 ® I 2 sin ^'' + 12® A 2 sin 6*'"), (104) 


2 2 ^ ^ 


dT^\ ( 0 ) 

2 2 


1 

2 


9e 


/— cos9‘^ — cos9‘^ 

i sin 9'^ 

—i sin 9'^ 

0 . \ 

—i sin 

cos 9^ — cos 9^ 

0 

—i sin 9'^ 

i sin 9^ 

0 

— cos 9^^ + cos 9^^ 

i sin 9'^ 

\ 0 

i sin 9^^ 

—i sin 9'^ 

cos 9^ -f cos 9'^/ 


= (Bs 0 l2cos0‘^ — I 2 ® Bscos^”^) — (B 2 ® l2sin0^ + I 2 ® B2sin6'‘^), 


(105) 


Tiiie) 

2 2 ^ ^ 


5T7l(0) 
2 2 

89 


/ 0 -i i 0 \ 

1 —i 0 0 i 

2 i 0 0 -i 

0 i —i 0 j 



dTT\ ( 0 ) 

2 2 


/O 1 1 0 \ 
110 0 1 
2 10 0 1 
\0 1 1 0 / 


—(Ai (gi I2 — I2 <g Ai), 


(Bi(gl2-l2® Bi). 


(106) 


(107) 


In the following example we consider the first nontrivial tensor representation r, 1 = Ti 0 <g 

1,2 ’ 

Tg 1 . The representation 1 is realized in the six-dimensional symmetric space Sym(2,1). 
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The matrix of i in the space Sym(2,1) has the following form: 

/ Ze+iip 


r.4(B) = 


e “2 cos ^ cos ^ 

in+iy „ flC f,c 

—le 2 cos^ ^ sin ^ 
3 e+fy) 

^ sin6>^ cos ^ 
3 e+^y> 

*= Ji sin 0= sin ^ 

3 e+zcp 4c 

—e 2 sin"^ ^ cos ^ 

rtC 4c 

ie 2 sin^ ^ sin ^ 


e+ 3 iy) „ Ac 

—ie 2 cos"^ sin ^ 

e+ 3 ty> „ ac 4c 
e 2 cos"^ ^ cos ^ 
e+ 3 iy) 

ii^Psin0-sin^ 

e+ 3 ^cp 

^ sinr cos^ 

e+ 3 i(p 

• :- 2 — ; 

e+ 3 i<p 


rt c 4 ^ 

le “2 sin'^ ^ sin ^ 


e — iif 

^ sin e‘^ cos ^ 

e — 

- ^ sins'"sin ^ 


e 2 cos cos ^ 
—ie 2 cos 0 *^ sin ^ 

e — iip 

^ sin S'" cos 4 r 

v 2 


—e 2 sin"^ ^ cos ^ 

— e + iip 

-—-;=— sin sin ^ 


e — zip 

’ Ji sin S'" sin ^ 


e+3iv? 


-e + ii /7 

“2 - 


cv c c 

^ sin^ ^ cos ^ 


x /2 

-e+iy? 4c 

—ie 2 cos^'^ ^ 

-€ + Zip 

e 2 cos 9 ^ cos ^ 

— e+fy? 

'" ^ sin S'" sin ^ 

— e + iy? 

^ sin S'" cos ^ 


_ e+ 3 iy? 
ie 2 
_ e+3^y? 

"'" ^ sins'" cos^ 

_ £ + 3^^ 

e ~2 . /ic • 

-^71—smS'sm — 

6+3'iy7 
e 2 

e + 3 fy? rtC 4c 

—ie 2 cos"^ ^ sin ^ 



3 e+iy? 

le 

2 ‘ 


3 €+iy? 

—e 

2 


3 €+iy? 

e 

'1 


3 £+iy 7 

ie 

2 


\/"2 


3 €+iy> 

—ie 

2 


3 €+iy 3 

e 

c 


sin'^ sin ^ 


sin^ ^ cos ^ 


sin 9 ^ sin ^ 


\ 


cos^ ^ sin ^ 


^ cos V 


In turn, this matrix is obtained from fl2^ via replacing all the functions 3mn mn (^5 

jii 

iV-', c, i/, ( , u, u;. x-i.ii iiivcioc liiauiiA iui j. 7_ 


/ 

r) by 


6 , 0, T, 0, 0). An iuverse matrix for T^i (g) is 


/ e- 


= 

2 


3e + iip „ 

e 2 cos cos 


3e + iv „ ,ic 

ie 2 cos^ sin ^ 

ie 

2 


e + 3i<P _ „c 

s'" 

e+3iy: ^ /ic 

e 2 cos^ cos 

— €+zyj 

e 

— €+iyj 

2 



£ —^y? 


3£ + 'iy: 

- 2 — 

E + 3lip 

- 2 - 


sin S'" cos ^ 




sin S'" sin ^ 


- sin S'" cos ^ 


"" ^ sin S'" sin ^ 

e + 3ivJ rtC 

—e 2 sin ^ cos ^ 


—;=— sin 9 ^ sin ^ 
V 2 , 


- "'"v 4 sin S'" cos ^ 

e+ 3 iy? ^ 4c 

—ie 2 sin^ ^ sin ^ 


e 2 cos cos ^ 


e+3^y? 


COS sin ^ 


3 c+iy? 


3 e + '^y? 


V sin V -e^2- 


3e+iy: 

- 2 — 


„2 ^ 


sins'" sin^ 


y? 

3€+^y? 


■ sin 9^ cos ^ 


v /2 
_ €+ 3 ^ty> 

sin S'" cos ^ 

— e + iip Ac 

ie 2 cos sin ^ 

€-^y? 4c 

e 2 cos^*^ cos ^ 

e+ 3 iy? 

'" 't. sins'" sin^ 

'J'2 ^ 

3e+2y? 

- sin S'" cos A 


Ac 

cos^ 

e 

—2” 

n/2 

— sin 9 ^ sin 

2 

—e~ 

Se+icp 

. 9 

sin 

aC AC 

3 €+iy? 
—ie 2 

—ie” 

€+ 3 iy? 

■—2— 

sin^ 


€+ 3 iy? 
—e ^ 


— €+iyj 



— e+iy:> 

ie 

-2- 


e 


v 5 


2 

y2, ■ 


sin^ V 4“ 


r\ pC AC 

sin"^ ^ cos ^ 


4c 

sin 0*^ sin ^ 


£ —^y; 

'" Ji sin S'" sin ^ 

e + 3 iy rtC nc 

e 2 cos ^ cos ^ 
. 3£+iie T flc . flc 


£ —^y; 

=> 2 • /~in G^ 

^-^ 7 =— Sin 9 cos ^ 


€+ 3 fy? 

; 2 

3 £+^y? 


. . <-, ac ac 

le T cos ^ sin ^ 




¥=«■? / 


In turn, infinitesimal operators of the representation ti^q are 


Ai -__ 

v /2 


v /2 


"0 

1 

o' 


1 

■ 0 

1 

O' 


i 

0 

o' 

1 

0 

1 

, AH 

1 

71 

-1 

0 

1 

, AH 

0 

0 

0 

0 

1 

0 


0 

-1 0 


0 

0 

—i 

"0 

1 

o' 


1 

'0 

-i 0' 


■f 

0 

0 ' 

1 

0 

1 

, BH 

1 

71 

i 

0 -i 

, BH 

0 

0 

0 

0 

1 

0 


0 

i 

0 


0 

0 

-1 
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Aj = 


i 

72 


"0 

1 

o' 


1 

■ 0 

1 O' 


i 

0 

0 

1 

0 

1 

, A^ = 

1 

72 

-1 

0 

1 

A^ — 

0 

0 

0 

0 

1 

0 


0 

-1 0 


_0 

0 

—1 

"0 

1 

o' 


1 

0 

i O' 




-1 

0 

o' 

1 

0 

1 

, B^ = 

1 

7 

—i 

0 i 


BH 

0 

0 

0 

0 

1 

0 


0 

-i 0 



0 

0 

1 




Taking into account the latter expressions and the operators ([99]), we obtain 


dT;,\Q) 


V 


—i cos d‘^+^ cos 9 ^^ 

- i sin e<^ 

-^sinS'^ 

V 2 

0 

0 

0 

i sin e‘^ 

i cos 0 ^ — ^ cos 0 

= 0 

- ^ sin 9 '^ 

s /2 

0 

0 

T= sin 

V 2 

0 

i cos 9 ‘^ 

-isine= 

-^sin0- 

0 

0 

^ sin e<^ 

|sin0'' 

-fcos 

0 

-^sine'" 

s /2 

0 

0 

s /2 

0 

icos cos0'^ 

-^sm 9 ‘^ 

0 

0 

0 

^sin0= 

i sin 

icos 9 ‘^—^ cos 9 ‘^ 



~ 1 



^ 1 

= -(A^ ® I2 

cos6*'^ — I3 

(8) Ag cos d^') 

- (A20 

I2 sin O'" + I3 

® A| sin r), 



dJ 

7(0) 





rii(8) 

de 



(— cos 0'^—^ cos 0'^ 

-isin0= 

-^sin0= 

s /2 

0 

0 

0 \ 

i sin 

— COS cos 6 

0 

4=sin0‘' 

s /2 

0 

0 

-4=sm0= 

s /2 

0 

- \ cos 0= 

-isin0‘= 

^"Sine'^ 

s /2 

0 

0 

—i sin6»^ 

V 2 

isine'^ 

i cos 0= 

0 

4=sine'= 

s /2 

0 

0 

-^sine'^ 

s /2 

0 

cos 6'^—5 cos 9 ‘^ 

— i sin 9 ^ 

\ 0 

0 

0 

- 4= sin 6»= 

s /2 

isin0'= 

cos cos 0'^y 




(108) 


= —(Bg 0 I 2 COS — I 3 0 B| cos O'^) — (B 2 ® I 2 sin 6*'^ + I 3 ® B^ sin 0^^), (109) 


/ 0 


TiM- 


dTrlio) 


de 


dT;,\Q) 


0 

V 0 
/ 0 


0 
0 

V 0 


0 

0 


_ 1 
2 
1 

V 2 


■V 2 

0 


_ 1 
2 

0 

0 

1 

■ 

0 

0 


■%/2 

0 


%/2 

0 

1 

0 

0 

_ 1 
2 
1 

■ 


0 

_ i 

■%/2 

2 

0 

0 

_ i 

~V2 

0 

1 

_ 1 
2 

0 

0 

1 

'V2 


0 

0 
_ i 

0 


0 

0 

1 

■%/2 

0 

0 

_ 1 
2 


0 \ 

0 

0 

_ i 
■ 

2 

0 J 

0 \ 

0 

0 

1 

■%/2 
_ 1 

2 

0 / 


= 7 


l3®Af, (110) 


= B( 0 I2 - I3 ® Bg 


( 111 ) 
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Further, the conjugate representation i acts in the space Sym(l, 2 ) and we have the 
following relations: 


* 





hi(0) 

dT^lid) 

2 







dip 




( i cos 9'^ — ^ cos 9'^ 

- i sin 6»= 

-^ sin 9^^ 

V2 

0 

0 

0 

\ 


i sin 9‘^ 

icos @'^+5 cos 9^^ 

0 

-^ sin 9^ 

V2 

0 

0 



^ sin 9'^ 

V2 

0 

-icos e<^ 

-isine'^ 

-^sin0‘' 

V2 

0 



0 

^sin0= 

V2 

isine'" 

i cos 9<^ 

0 

— i= sin 

V2 



0 

0 

^sin0= 

\/2 

0 

—i cos O^--^ cos 

— 5 sinS'^ 


V 

0 

0 

0 

^sin0‘= 

V2 

i sin e'" 

— icos0‘^+2 COS0 

/ 


= (Ag ® l2cos0‘^ — I3 ® Ag COS 9 '^) — (A2 ® l2sin0‘^ + Ig 0 A2 sin^"^), (112) 


1 -1/ 




J'lHs) 

de 



(— cos 9'^—\ cos 

i sin 0“= 

-^sin0'= 

0 

0 

0 \ 

-\sm9<^ 

— cos 9'^+\ cos 9^^ 

0 

-4=sin0'= 

\/2 

0 

0 

4=sin0'= 

\/2 

0 

- i COS 6»= 

isine'^ 

-Fsin0‘= 

\/2 

0 

0 

4=sin0^ 

V 2 

-isin6»= 

i cos 6»= 

0 

-^sin0^ 

0 

0 

A=sin0= 

\/2 

0 

cos 6'^—^ cos 0^^ 

i sins': 

\ 0 

0 

0 

4=sin0'= 

-isin0= 

cos 0':+^ cos S^y 






(Bg ® I2 cos^'^ — 

I3 ® Bg^ 

cos 07 


(B^0l2 



/ 0 

1 

2 

i 

V2 

0 

0 

0 \ 


* 


i 

0 

0 

i 

0 

0 


dT-}{Q) 

2 


i 

72 

0 

0 

V2 

1 

2 

i 

72 

0 


d9 


0 

i 

72 

1 

2 

0 

0 

i 

■y2 




0 

0 

i 

72 

0 

0 

1 

2 




\ 0 

0 

0 

i 

72 

1 

2 

0 / 



( ° 

1 

2 

1 

0 


0 

0 \ 

71^(0) 

— 

1 

2 

1 

0 

0 

0 

0 

1 

1 


0 

1 

0 

0 

2 

72 



2 


72 


dr 

0 

1 

n /2 

1 

2 

0 


0 

1 

■n /2 


0 

0 

1 

0 


0 

1 

2 


\ 0 

0 

0 

1 


1 

2 

0 / 


I 2 sin + Ig ® sin 9 ‘^), 


= -(Aj 0 I2 - I3 ® A 


f), 


=-(B}®l2-l3® Bf. ( 115 ) 


( 113 ) 


( 114 ) 


It is easy to verify that relations of the type fll 00 p - flll 5 l) take place for any representation 
Tiiio) of the group 0 +. Therefore, 




= — (Ag ® l2;+3 COS 6*'^ — 12Z+1 <81 Ag cos 9‘^) — 


(A2 ® l2i+i sin 6''" + l2i+i ® A2 sin 9^"), 
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Tliig )—= -(Bg ® I 2/+1 cose"" - I 21+1 ® Bgcos^'")- 


(82 ® '^21+1 sin 6*^ + I2/+1 ® B^ sin 6 "), 


Tuio) 


dT;:\g) 


= k\ 


'-21+1 


de 

T - R' a 1 1 

— Bg ® I 2 /+I ^21 + 1 


21+1 ® A^l, 


B 


n 


Tuio) 


“ = (Ag (g) 12 Z +1 COS 0 '^ — l2/_,_g ® Ag cos^"^)- 




(A^2 ® l2i+i sin O'" + l2;+i ® A2 sin O'"), 


Tuid) 


“ = (B^ ® l2i+lCOS0'^ — 12/_,_1 (8) BgCOS^'^)- 


de 


(B2 ® I21+1 sin 0'" + l2;+g ® B2 sin 9 ^"), 


* dT-\g) 

^ ~ “(^1 I2Z+1 — I2/+1 ® '^i)) 

T,{g)^i^ = -{B[®l2i+i-l2 


v-i ^ -^ 21+1 

Substituting these relations into the system (EH]), we obtain 


Bl) 


r sin 9 '^ 


Ai 


'-21+1 


d^p r sin 9 '^ 


1 _ .[ dijj' 

— 12Z+1 ® -1" 


+ 


r sin 


L 2 Z +1 


®k[ 


dijj' 


dip r sin 0' 
dxl)' 


-A 


'-2Z+1' 


d^jj' 


—A 2 ® l2i4-l a/) 

r d 9 r 


11 .I dif)' 

H—I 2 Z +1 ® A 2 - 


d 9 


d\j)' 


dtp' 


- -A 2 ® 'i-2i+l~^ ~ “I 2 Z+I ® ^2-^ + (1 + ^)A3 


idtp' 


dr 


dr 


r L 


A“A“ - A“A“ + A“B“ - A“B“ - 2 cot ^'A^ 0 l^i+A^ ® Isz+i- 

-2 cot 0''l2Z+l ® A'gl2Z+l ® A^ tp' + K.'^'tp = 0, 


r* sin 9 ‘^ 


A[ 


L 2 Z +1 


dtp 

dip r* sin 6*^ 


^1 


2Z+1 

/ 


®A[ 


I dtp 


+ 


dip r* sin 9 ^ 


Ai 


L 2 Z+ 1 - 


dtp 


de 


+ 


-^1 

r* sin 9 ^ 

* . 
J 


* I dtp 1 *, 

2Z+1 ® Ag-^y^ ZrA2 I 2 Z+I 


- 01 


de r 
dtp' i 
dr r* dr 


dtp 1 * j dtp 


d9 ' r*^2Z+i ^-2 gg 


21 + 1 a . loZ-LI ® A 


+( 1 - ,)a"?3^+ 




Af A“ - A“A“ + A“B“ - A^2 'Bi - 2 cot 9 ^a[ ® I21+A3 ® I2Z+1- 


2 cot 6'''l24i ® A\ 1 ,/^-, ® A! 


l-^2Z+l 


tp + k'^tp = 0. (116) 
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Now we can separate the variables in the relativistically invariant system. Namely, we 
represent the each component of the wave function xjj in the form of an expansion in 

the generalized hyperspherical functions This procedure gives rise to separation of 

variables, that is, it reduces the relativistically invariant system to the system of ordinary 
differential equations. Preliminarily, we will calculate elements of the matrices D = — 

A 2 A 1 , E = — A 2 B 1 , D = A“A 2 — A 2 A 1 , E = A“B 2 — A^B^. First of all, let us 

hnd elements of the matrix D = A^^Al^ — A^ 2 ^l. Using the relations fl62ll . we can write 
D = 2 A 3 + A 2 A 3 — A^lA^- usual, the action of the transformation D in the helicity basis 
has the following form: 

jj^kk ^ ^k'k-,k'k ^k'k' 

/ j l'l,m'm\l^,rh'fnr’l',rn'-,l'rh'' 

I' ,m' ,i' ,rh' ,k' ,k' 

Taking into account (1721) . (ITij) . (1751) and ([H])-®, we obtain 


DC“, ■ = (2A“ + A“A? - AfA“)C“, ■ = 2 V • • .,. CT"; /, ■,+ 

U ,m',m,',k',k' 

, aZ/ k'k-,k’k ^k'k' _ aZZ , fc'ZcA'fc ^k'k' 

2 / V 1 / v Z'Z,m'm;Z'Z,m'm’Z'm';Z'm' 

l\m',i',7h' ,k^ ,k' V ^m',i',7h' ,k',k' 


= 2 


\ ' k'k-,k'k Afc'fc' _ 


I _ X k'k-,k'k j r Arfc- 

^ ^ V m'^Z',m'-l;Z'm' 

l',m',l',rh',k',k' 

I' Afc'fc' I _,Z' /-k'k' 


Afc'fc' 


V ,m',1',m',k',k' 


I 


_ i A/c /c _ J Afc fc 4- rv* d'' 

jk'k-,k'k (—n/^' d^'^' -4- 


2 ^ 

I' ,m' ,i' ,m' ,k' ,k' 


, i' ^k'k' I (■ 


V ^k'k' 


Dividing the each of the two latter sums on the four and changing the summation index in 
the each eight sums obtained, we come to the following expression: 


DC 


kk 


E l o k'k^k'k I V k'k\k'k 

I' ,m' ,i' ,7h' ,k',k' 


_1 Z' k'k-,k'k _ , n. n,,n. n. , 

2 ^^'^l'l,m'-l,m-,i'i,m'rh O “m'+l®Z'Z,m'm;m'+l,mZ 


1 i' k'k-,k'k 


I 1- i' k'k-,k'k I “ (' -iK'K-,K K I 

2^™^^Z'Z,m'm;Z'Z,m'—l,rh 2^™-^+! l'l,m'+l,m;i'i,m'rh 


I' ik'k-,k'k 


^ Z' jk'k;k'k _ ^ 1' jk'k-,k'k 

„j /_3 l'l,m'm-,i'i,m'+l,m 


-LJ' }A'k-,k'k 

2 “™' Z'Z 


k;/c /c I aZc'Zc' 

,m'm-,i'i,rh'-l,m j ^l'm'-,l'rh' 


43 


Therefore, a general element of the matrix D has the form 


ik'k;k'k _ o k'k\k'k , ^ V k'k\k'k 

1 1' yh-yk 1 if yh-yk 

trvn/^rv/v I rvn/^rvrv i 


1 


I'l 


h-yh ('If ■, y h-h'h 

Ay • rb rb I (, 7 Ay Ay ■ Ay Ay I 


V Tk'k\k'k 

V jk'k-,k'k 
2 ^m'+l ■ 

Using the formulae fl72D . fl71|) and fITSD . we find that 


^ V Tk'k-,k'k _ i' Tk'k-,k'k _ ^ /' jk'k-,k'k 

2 — 2 ^™^+l Ul,m'm\i'i,m'+l,m 2^’’^' — l,m 


D 


jk'k\k'k 

/—l,/,mrh 




k'k;k'k 


1 ; ; = “U 7 ; ; i ; (^ + ^ + 2) \/((^ + 1)^ — UT.^) ((/ + 1)^ — m^). 

Z+1,Z;Z+1,Z' ' V yy > lyy > > 


(117) 

All other elements ’ , ■ ,■ .,. are equal to zero. 

Analogously, using the relations flB5D . ([HSD^dSZD and the operators fl5])- ffT^ . we hnd that 
elements of the matrices E = —2iA’'^ + B^^Af — B 5 ^A 2 , D = 2 A 3 + A^A^ — A 2 , E = 

2iA^l + B 2 Ai — B 3 A 2 are 


E 


D : 


E 


k'kik'k 

C • • 

^k'k-k'k 
ll ,rnm;ll ,rhm 
k'k;k'k 

6 • • 


^k'k;k'k 


d 


k'k]k'k 

Z+l,Z,mm;Z+l,Z,mrh 


IC, 


■ k'k]k'k 
1C 

Z+1,Z;Z+1,Z 



(118) 


771./'+ '>v'(P-A"). 


*k'k-,k'k /7 I 7 I 

= -w+i/^ + ^ + 


+ 1)2 — + 1)2 — m 2 ). 


(119) 


*k'k;k'k 

6 • • 

Z—l,Z,mmjZ—l,Z,mm 

^k'k]k'k 

ll,rrirn]ll,rhrh 

*k'k]k'k 

€ • • 


■ '^k'k\k'k /; 7 I 

o '"^k'k-^k'k 

‘kkim 


— m?){k — m 2 ), 


■ ^k'k]k'k /] j I 


+ 1)2 — + 1)2 — m2). 


The system (11161) in the components can be written as 


( 120 ) 


E , 

I' ,rh' ,k' ,k' 

+ 


-,kk' 


^ I'm'-,I'm' 


rsinO^ 2Z+1 

f kk' - 

,mm' 


1 1 ^ kk' 

I 2 Z+I ® 


r sin 


r sin 0 '^ 


^ 2 Z+l 

^ l.kk' 


lU,rhni' 

I'm'-,I'm' , 1 ^ fci;' ^l'm';l'm' 

+ - 1 12 Z +1 ® 


r sin 

'k'k' 


IV ,mm' 


I,k'k' 


^ll',mm' ^ -*-2Z+l 


^^l'm'-,i'm' 1 yfcfc' _ 

I 2 Z+I <A> 0 ;// 


dy 

' ^l'm'-,l'm' 
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r 


/c 

^ 2 '+' dr 


21+1 


k'k' 

u + 

W ^mm,' Qj- 


d+ 

kk' ^l'm’-,l'rh' 


QJjk'k' . 

I /-I I -x kk']kk' ^l'm'\U7Ti' ^ ikk'\kk' ik'k' i ^ ]kk i k k i 

' ,rnm';ii',mrh' Qj- j. W ,mm'\W ,mrh'^ I'rn'-,1'M + lU ,mm'\ii'I'rn'\i'm,' 


+ ^ cot 


^ cot ri 2 z+i 0 


+ 


+ = 0 > 


E . 

U ,m' ,i' ,rh\k' ,k' 

+ 


*kk' 

af 


dip 


T* sin 9^ ll'finin' 


'- 21 + 1 - 


k'k' 

I'm'-,I'm' 


dip 


r* sin 9'^ 


'-2Z+1 


^ * Ich^ 

a 


k'k' 

W ,mm' ^ ' 


dipl 


ikk' 


dip 


k'k' 


r* sin /^',7nrh' 


- I'm'-,I'm' 

di + 




r* sin 9^ 


21+1 


* kk' 

® ^ll',n 


dp 
d+'^' ■ 

^l'm'-,l'm' 


-b+. . 


dip 


k'k' 


^ 'I'm'-,I'm' 1 ^ 

j,*''ll',mm' 2Z+1 QQ 2ZH-1 


de 


I,k'k' 


d+ 

kk' _^l'm'-,l'm' 
W ,mm' 


d9 


dij+b' . 

„ 1 ^l'm';l'm' * ^ 

j,*''U',mm' 2Z+1 2Z+1 


_ +h^k' 


kk' 

ll',mm‘ 


d+’k’ 

^l'm'-,l'm' 


+ (1 - 1)C 
2i 


%kk'-,kk' 
ll' ,mm';ll' ,mm' 


d+'k' . 

^l'm'-,l'm' 




dr 

l.k'k' 


+ Pkk’-,kk' ik'k' I +*kk'-,kk' ik'k' I 

IV,mm']ii',mm' ^I'm'-,I'm' IV,mm';li',mrh' ^l'm'-,i'rh'' 


+ ^cot0'=a|^'^^,®l2z+imy 


’l.k'k' 


2i 


j,* IL',mm' V m'-,l'm' ^ 


+ — cot 9^l2i+i ® 


*'11' ,mm 


,m Ip 


l'm';l'm' 


+ 




1 ii 132 • i- kk':kk' 

where the coemcients a„, e,„ , . 

IV,mm'-,11',mm' LV ,mm';tV ,mm‘ 

(USD, (HHD, (HID, dlHD, (II6D, (HU]), respectively. 

With the view to separate the variables in fll2ip let us assume that 


+ = 0, (121) 

, are dehned by the formulae fITil) . (1751) . 


^ lm-,lm 

- 

^ lm-,lm 




( 122 ) 


where /q > /, —Iq < m, n < /q and /q > /, — <m,h< Iq. Substituting the functions (I122p 
into the system fll 2 ip and taking into account values of the coefficients +, • • •) 

,, we collect together the terms with identical radial functions. In the result we 


^ kk' “ kk' 

rv r\j • rv rb 

6 

IV,mm' -,11' ,771771' 
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obtain 


k',k' 


Q floh 

(1 + V --+ 


+ -{l - + I + - ‘^) f l-l,ra,k' 


dr 






mk' 


1 

sin 6^ dip 


■ (9971'°'°-, (9971'°'°-, ‘)i{m-^'\cn‘=iO<^ 

i l,n;mn , l,n;mn ^CyiiL i j k^Uo U ^yt?-^0^0 

^ l,n;mn 


sin 6^ de 


de 


dr 


sin 


+ 


+ -m - l)(/2 - 7h?)fXi 


m+l,k';l—l,mk' 


1 (9971:'°'° 

X ^m+l,n;mn 

sin (99? 


(9^7T7'°'° (9^7T7'°'° (9^7)?'°'° 


+ - 


sin 6*° (9e 


+ +*- 


(90 


m+l,n;mn 2i(m + 1) COS 0° ^ 

(9r Sin0° m+l,n-,mn 

1 (997t'°'° 


+ — \/(/2 — m 2 )(/+ m )(/+ m — 1 )/'°'° 


fc' 


sin 


0c dip 


+ 


+ 


i , 9^^Xrh-l,h , , 2i(m-l)cOS0 


Sin 


0 c (9e 


+ 1 


(90 


+ 


(9r 

^ 0^0 


+ 


nyylolo 

^mn ;m—l,n 


sin 0° 


+ 




2r 

mn;m+l,n 




1 (997T'°'° ■ 

X '’yy) 71 ‘YY’ 


mn;mH-l,n 


sin 0° dip 


i f797t'°'° ■ , ■ 9971'°'° ■ , ■ 9971'°'° ■ , ■ 97Y-m1 i 0° 

Ij ^^mr).^7r).-\-^ r). . ^m.r).^7n.-\-^ r). ^mnim+ljn ^CyllL ^ Lj L/VJo 1/ 


Sin 


0 c de 


. . • 'mn;m+l,n . 

+ +l --h 


90 


dr 


sin 0° 


97?'°'° 


+ 


E kk'-,kk' 
^ii-,ii 

k'k' 


(1 + i)mm 


pj -floh 
•’ lmk'-,imk' 

dr 


—mmfX ■ ■ 

rj^ LTnk "itiTik 






Imk' 


1 997?'°'° 7 ddyt^°^° 


sin 0° 999 


,n-,rhh 2i(m - 1) COS 0'" , 

I,/!;????! 


90 


9r 


sin 0° 9e 

+ 


sin ( 


+ -mV(i 7- m + 1)(/ - «)/“”+, 


1 9®!Si,„;,».v . » 


+ 


^m+l,n;mn 


sin 0° 999 sin 0° 9e 
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+l 


■ ^^m+l,n-,m,h ^^m+l,n;rhh 2i{m + l)cOs 6 


dd 


dr 


+ 


+ 


+ izH {l + m){l-m + 


-'m+l,n;mnj 

1 -?■ (9D3T^“^° 

1 l,n ^ l,n 


fc' 


sin 0 '^ sin O'^ de 


92iyi^ml,ni-i,h 2i{m- 1 )cos6^ 


^lolo 

mn;m—l,n 


de 


dr 


sin 6'^ 


+ 


+ Yr'^y (i+^+m - 


1 . 
-L ^'^“'^mn-rr 


i dmtt^ 


mn;rhH-l,n ^ ^^“’^mn;m+l,h 


sin d(p sin 6^ de 


^ ^^^mn;m+l,h , '^^m)?;m+l,n 2i(m + 1) COS 
I ^ I ! VV t, 


(90 


.9r 


sin 9'^ 


mn;m+l,n 


+ 


E' 


kk'-,kk' 

l+l,l;i+l,i 


((/ + 1 )^ — m?){{l + 1)2 — m?) 


( 1 +^)- 


5/ 


IqIq 

l+l,m,k'-,i+l,rhk' 

dr 


+ -{il-l-i-il-2)fY° 

Z+l,m,fc';(+l,mfc' 


a«'±^M(v>.£.«.T,o,o)+ 


+ 5 ; V (' - ™ + !)(' - ™ + 2)((' + 1)" - 


1 

X ^m_l,n;mn 

sin 0 *^ ( 99 ? 


• ^mr^oio (90Jt'°'° ( 99 Jt'°'°. 9 ?Y-m - 1 i 0 '" 

^ l,n;mn *'m—l,n;mn , ^m—l 5 n;mn , ±jk^uou ^y^IqIq 

sin 9“ aJ ' i* a? STr "•- 


;(( + „ + 1 )(; + + 2 )((; + 1 )^ - 


1 dWl^°^° 


sin 0 ^^ 


(99? 


^ ^^^^m-\-l,n;ifih 


sin 0 ^ 


.9e 


2 i(m + l)cos 0 '= 

QQ + gin^c m+l,n;mn 


+ 


+ _ v'((/ +1)2 _ ^2)() _ ^+!)(/•_ ^ + 2)/;o;o 


1 (9911^°*° 

X ^mn;m—l,r 

sin 0 *^ '9v? 


• . , . (9971''’'° . -, . (997t'°'° . , . ‘y-iim -^'\cr,^9<^ 

(j *'mn;m_l,n mn;m—l,n mn;m—l,n ^ ^tyut xyt^v^oi/ gj^/o^o 


sin 0 ^^ <96 


(90 


(9r 


sin 0 '’ 


mn;rh—l,n 


+ 


+ — V ((/ + 1)^ - m2)(/ + m + 1)(/ + m + 2)/ 


IqIq 

l+l,mk'-,i+l,m+l,k' 


1 (997t'°'° 

X ^mn;m+l,n 

sin 0 ° '9v7 
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i dmtt^ 


sin 6^ de 


“ % 


^^mn;m+l,h 2i(m+l)cOS0 


de 


dr 


+ ^— ' : —071^°'° 


sin 6 *'^ 

floh nryhlo 


mn;m+l,n 


+ 


+ ''V;Sa®»XV»(v>. €.». t, 0 ,0) = 0, 




k' 


* 

« flok 

/-, .\ *' /—l.mfc';/—l.rhfc' 

(1 -*)— 


(9r* 




mk' 




H—— m2)(/+ m)(/+ rh — . 

2 ^* V ' ''' ''' i—l,mfc';Z—l,m—1 


fc' 


1 (9971^°*° 

X l,n 

sin 6 *^ ( 99 ? 


i (997tj5^'°.^_^^ , '99^mn;m-i,n 2i(m - 1) COS 6''" 


sin 6 *“^ (9e 




^loh 

mn;m—l,n 


de 


dr 


sin e^ 


+ - ™^)(' - *)(' - ™ 




1 (997t^°'° • 

_L ^ rjy 


mn;m+l,n 


sin 6 *“^ (9v3 


+ 


i 9»iWV+..* .awlv+i,* a(m+l)cos0‘ 

“r t-" 


sin 6 *“^ (9e 


de 


dr 


+ 


sin 


H— —\l{l + m){l + m — l){P — m?)ff° ^ . 

27^* V ^l,m—1,?T 


mk' 


mloh 


1 (9?OT^°^° 

X ^m—l,n;mn 

sin 0 *^ dip 


+ 


i ^ .9^m-l,n-,mh , 9^m\n-,rhh , 2i(m - 1 ) COS 0 


Sin 


0 c ( 9 e 


+*- 


(90 


+ 


dr 


+ 


sin 0 *^ 


97T‘°‘°i 

m—l,n;mn 


+ 


1 t ] * 

'^ ' 12 _ ^2\-plolo 






1 (9OT*°^° 

sin 0 ^^ 


* ^^m+l,n;mh , ^^^m+l,n;mn , '^^m+l,n;mn 2i(m + 1) COS 0*^ 


sin 0^ <9e 


E -jf^kk \kk 

^ii,ii 


k'k' 


+ Sr 

(9f*°^° . . o- 

lmk'-,l,m,k' 


sin 0 *^ 


Wo^o 


/-, .X . - LmK']L,m^K' I . x/nZo 

(1 —«)mm- ^ —I- mmf,,,- ■, 

' ' ^>i< ■' Imk'■,l,m,k' 


e, 0 , T, 0 , 0 ) + 
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H- my (i + m)(i — rfi + . ■ ■, 

2^’* V ' ' ' ' lmkPrime-,l,m—l,k' 


1 ?■ 

X ^rnn-,rh—l,h ^ '' mn-,m—l,h 


sin 6*“^ (99? sin (9e 


9^mn-,ni-l,h , '9^mn;m-l,n , 2i(m - 1) COS 6''" 




j__|_ ^_ ziZZZS—^^olo 


dr 


plok 


Sin ( 


H-m\/(/+ rh + 1)(/— m)/, ,,,. , ,, 

27 ’* V ' lmk'-,l,m+l,k' 


1 9W°*° 

1 ^mn;m+l,n 


+ - 


7 ■ , ■ 

(j ^mn;m+l,n 


sin 0“^ 999 sin 0*^ 9e 


• ^'^mn;m+l,h 2i(m + 1) COS 0'^ * 

90 9^^ mn;m+l,n 


+ 


+ —mV(/ + m)(/ - m + 


— l,kPri7ne-,l7hk' 


1 7 

i ^ m—l,n;mn 


Sin 


0c 99? 


sm 


0c 9e 


9971^5^'° 2i(m - 1) cos0‘' 


gj>io^O 

l,n;r: 


90 


9r 


sin 0*^ 


+ 


H- rriA/(/ + m + !)(/ — m)fY° 

2 '/’* ' ''' ' l,m+l,k'-,lmk' 


1 

sin 0^= 999 


7 9971^°^°, 


sm 


0c 9e 


^ ^ 2i(m + l)cos0' 

+ ^ H” 


90 


9r 


sin 0'^ 


97l'°'° 


m+l,n;mn 


+ ?+i’m+i,z ^ 


k',k' 


{l-^) 


Q flolo 

^ Z+l,mfc';i+l,m,fc' 


dr* 


plok 


+ —(il — I — I — il — 2 + i2)f\ ,,, . ,, 

7 .* ' ' Z+l,mfc';(+l,m,fc' 




+ ^ V ((^ + 1)^ - m2)(/ - m + !)(/ - m + 2)/ 


IqIo 

l+l,mk' ■,i+l,rh—l,k' 


1 

X ^mn;rh_l,n 

sin 0*^ 9v? 
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* ,dDn^±;rn-l,n 2*(m - 1) COS 

~r . ^ ^^/l ~r ^^ ~r . '^'^^ran;ifL—l,f 


sin 6'^ de 


de 


dr 


sin0^ 


+-\/((/ + l)2-m2)(/ + m + l)(/ + m + 2)/'°'° ■, 

‘2if* V '' ' ' ' l+l,mk'\l+l,m+l,k' 


+ 


1 (9971:^°^° 

X ^mn;m+l,n 

sin 6^ dip 


i ^9^mZ,rh+l,n , ^^mn-,rh+l,h 2i(m + 1) COS 0*^ * 


sin 6*'^ (9e 


(90 


+ 


dr 


sin 0*^ 


+-\/((/-m + l)(/-m + 2)((/ + l)2-m2)/'o'« ^ .. 

V '' ''' ''''' ' ' l+l,m—l,k'-,l+l,mk' 


1 (9iDt^°*° 

_L_ ^-^-'*-m-l,n;T: 

sin 0*^ <993 


Sin 


* . Jf: . ^ . 

1 (9937:^°*° (99)7^°^° <99)7^°^° ovi-m _ li-r,c0c * . 

t l,n;mn l,n;mn ^oyub ±JL.U&(7 ryff-lQlg 

l,n;r 


0c (9e 


—?- 


.90 


.9r 


sin 0'^ 


+ 


H-y ((/+ m + !)(/+ m + 2)((/' +1)2 — m2)jFW(D 

V '' ' ' ''''' ' (+l,m+l,A:';Z+l,mfc' 


1 (9937^“^° 

X ^mH-l,n;mn 

sin 0*^ <993 


+ 


I <9931^^]^^^.^^ '9291^+1,n;mn '999^m+l,n;mn _|_ 2i(m + 1) COS 0'^^;^/^, 


Sin 


0c de 


de 


dr 


sin 0*^ 


mH-l,n;mn 


+ i^rtt.wP^‘±,nn('f, e, 9, r, 0,0) = 0. (123) 


The each equation of the system obtained contains hve generalized hyperspherical 

fiinrtinrm 937*o'o fm*ob fm^ob fm*ob fm*ob „„j tbpir roniii- 

iuiiy.ijiwi±D l,n;mn 3 l,n 3 '^'^^mn;m+l 5 n liicii u. 

gate. Let us recall that 99l!^±i,„;^n(¥3, e, 0, r, 0,0) = r), 

a^iV±i,n(¥^,e,0,r,O,O) = and e, 0, r, 0, 0) = 

-n{e-iip)-h{e-iip)^loio (n \ {w/oL ho p ^ T D Di = p-nie-i‘p)-n{<^-i‘p) Wk (n \ 

^ ' 3 m±l,n;mnV^i h \ r i t) "i ' i O, UJ c Jmn-,rh±l,h\^^ )' 

Therefore, 


(9937^°^° 

^m ± 1, n; rh n 


0937^0 «0 

-(n + 

dp 

.9e 

0937^0 b 

^mn;m±l,n ^ 

[-in + m)937|^V 

0937^0 L 

!_/w ^77272;mdil,n 

-(n + h)93l(^V 

(9.^ 

.9e 

* 

(9937*°^° 

m di 1, n; m n 

0 

(in - ih)!m(°'?i 

* 

0 

-(n + 


dp 


* (9937*°^° 

/ • • • \cirylolo ^'^■^''mn-,m±l,h 

(m - m)937,^,?.^±i - 


= -(n + h)93t^V±i, 
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We apply now the recurrence relations (H2D - fHSD to square brackets containing 

the hyperspherical functions. For example, in virtue of flTTIl the second bracket in fll23p can 
be written as 


^—n{€+iip)—h{e—iip) 


■ -^m—l,n-,rhh l,n; 


IqIo 


de 


2i{n-{m-l) cos e^) 
sin 6*^ 


dr 
•iloh 

l,n;i 


+ 


= 2y(;„+m)(i„-m + l)SW“.^*. (124) 


Further, in virtue of fl36|) for the third bracket we have 




.93 

I — 


IqIo 

m+l,n\fnh 


de 


^*2^0^0 


dr 


2i{n-{m + l)cose^) 

gjj^ Qc bm+l,n;mn 


2^{l, + m + l){lo-m)m^±.^^^. (125) 


and so on. In doing so, we replace all the square brackets in the system (I123p via the relations 

of the type fll24p - fll25l) and cancel all the equations by ^mn-,mh i^mn-,mh)- ^^e result we 
see that the relativistically invariant system is reduced to a system of ordinary differential 
equations. 


E kk']kk' 

^1-1,1,i-i,i 


k' ^k' 


j -ploh 

l—l,7nk'-^i—l,7fik' 


(1 + f)y {P — m?){P — ifp) 


dr 


+ + l + 2i)J{P - m2)(/2 - m2)/'°J° 

'T V ^ -L 5 


mk' ;l—1^7rik'~^ 


+-y il + m){l + m- l)(/2 - m2)^(/o + m){lo-m + 


+ m){l -m- l)(/2 - m2) v/(/o + m + l){k- + 




+ -\J (/2 - m2)(/ - m)(/ - m- l)^(/o +m + l)(/o 


Z— 


+ 


E kk'\ 
k',k' 


kk' 


. . cy- 

a , .\ . *' Imk'ilmk . «£, 

+ ijmm -;- mmt 

' P *' lmk';lmk' 


P^O^O 


+ m)(/ - m + 1)+ m){lo - m + + 


+ + m + l){l- m) V(/o + m + l)(/o - + 

_ Im^(/ + m)(/ - m + 1 )^{k + m)(/o - m + 1)/;^^,- 


+-m\J (/ + m + 1)(/ - m)^(/o + hr + l)(/o - hr)/|((^°, 




+ 
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E' 

k'k' 


kk'-,kk' 

l+l,l;i+l,i 


-df 


loh 


(1 + + 1)2 - m 2 )((/ + 1)2 - + 


dr 


H —(il — I — I — il 

r 


+ 1 )' - + 1 )' - ^")ftln.k';l+l,^k'- 


m + l){l - m + 2 ){(l + 1)2 -m2)^(/o + m)(/o - m + 


+ m + !)(/ + m + 2)((/ + 1)2 - + m + l)(/o - 


+ 1)2 — m?){l — m + !)(/ — m + 


+ 1)2 — im?){i + m + !)(/' + m + 


o + m)(/o-m)/ 


^0^0 

l,rh—l,fc' 


0 + m + l)(/o - 

flQ 


+ 


+ f^'fLkir) = 0, 


E 

k',k' 


*kk'-,kk' 


(1 — i)\J ip — m2)(/2 — m^)- 


-df 


IqIq 

l—l,mk'l—l,rhk' 

dr* 




+ \\J ip — rn‘^){i — rn){i — m 


0 + m)(/o - m + 1)/ 


lolo 

l—l,mk';i—l,rn—l,k' 


0 + m + l){io - m) 


IqIq I 

1^7nk';i—l,7hpl,k' 


+ P^\/i^ + ^)i^ + ^- - m2) v/(/o + m)(/o - m + ^)f°Xm-l,k';i-l,rnk' + 


+3:V(^ — m){l — m — l)(/2 — m^)p (/q + m + l)(/o — rn)j°^° 


Z—l,m+l,fc';Z—l,mfc' 


+ 


E 


*kk'-,kk' 


dr°^° ■ ■ O' * 

/I lmk'-,irnk' . iZoZn 

(1 — t)mm -;- 1 - mmf, ■ ,■ - 

' ' j<* ’’ Imk'ilmk' 


1 

- m 

lyt ^ 

1 


+ m){l — m + 


0 +'di){io —j . , ,■- 

^ /V u jj lmk'-,l,m—l,k' 


+ ^^\/ii + rfi + !)(/■ - m) V(/o + m + l)(/o - y 


- -rnp (/ + m)(/ - m + 1 )a/(/o + m)(/o - m + 1 )/ 


/o^o 




/,m— 

* 


+ + m + !)(/ - m) v/(/o + m + l)(/o - 


+ 


52 





*kk'-,kk' 


k'k' 


{1 — i)\J {{I + 1)2 — + 1)2 — m2)- 


-df 


IqIq 

dr* 


+ + + 1)^ - m2)((/ + 1)2 - 


+ -.y ((^ + 1)' - m + !)(/■- m + 2)^(/o + m)(/o - m + 

V+ ^ + 1)(^' + ^ + 2)7(/o + m + l)(/o - ■ 


-^(/ - m + !)(/- m + 2)((/ + 1)2 - + m)(/o - m + 


(/ + m + !)(/ + m + 2)((/ + 1)2 - m?)\/{lo + m + l)(/o - m) f 


loh 

l-\-l,m+l,k';i-\-l,'mk' 


+ 


+ «^C™ = 0- (126) 

Substituting solutions of this system into the series fl82l) and fl83|l . we obtain a solution of 
the boundary value problem. 
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